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1. Introduction

The study of optical solitons is important in the area
of telecommunications and electromagnetics [1]. Optical
solitons, the localized electromagnetic waves that transmit
in nonlinear media without changing their width,
amplitude and transverse velocity, are the outcome of
delicate equilibrium between the dispersion (or diffraction)
and nonlinearity [2-5]. Just for these unique properties
make optical solitons as the most ideal carriers of
information, are widely applied to the long distance optical
communications and ultra-fast signal processing systems.
Optical soliton communications have many advantages
that the traditional optical fiber communications
don't have, such as the high information capacity, long
transmission distance, high transmission rate, low bit error
rate, good confidentiality and strong anti-interference
ability and so on.

The dynamics of the propagation of optical solitons
through optical fibers is ruled by the nonlinear
Schrodinger Eg. (NLSE) [1-10]. When the space-
modulated group velocity dispersion (GVD) and non-Kerr
law nonlinearity are considered, the governing Eq. is given

by
iu, +a(x)u,, +b(x)F(u)u=0 1)

In Eq. (1), the first, second and third terms,
respectively, are the temporal evolution, GVD and non-
Kerr law nonlinear terms. Here a(x) and b(x) represent
the coefficients of GVD and non-Kerr law nonlinearity
that are the functions of spatial variable x. The real-
valued algebraic function F in Eq. (1) represents the type

of non-Kerr law nonlinearity. For space-modulated dual-
power law nonlinearity (it describes the saturation of the
nonlinear refractive index) [2,6], the expression for F has

the form F(u[) = |u[" +y(x)|u|", then Eq. (1) becomes

iu, +a(qu,, +b(x)|u/"u+clul"u=0 (2)

where c(x) =b(x)y(x) . It needs to be noted that the dual-

power law nonlinearity falls back to Kerr law nonlinearity
(when y=0 and n=1), parabolic law nonlinearity (when
n=1) and power law nonlinearity (when y=0).

The main work described in this paper is to construct
exact optical soliton solutions to Eq. (2) by employing the
Lie group method. As a consequence, Lie symmetries and
canonical transformations are obtained, and explicit
soliton solutions are found. Finally, Other laws of
nonlinearity are discussed. They are Kerr law, parabolic
law and power law.

2. Lie group analysis

Assume that Eq. (2) has stationary solutions in the
form

u(x,t) = e(x) exp(—irt) ?3)

where ¢(x) represents the soliton amplitude that is a real

function of spatial variable X to be determined later,
while A is a non-zero real constant. Substituting Eq. (3)
into Eq. (2) yields
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@, + )+ g™ +h(X)™ = (4)

where f(x)=2/a(x),
9(x) =b(x)/a(x) , h(x) = c(x)/a(x).

Lie group method is a very powerful method to study
nonlinear Egs. arising in the field of nonlinear science. In
this section, we will perform Lie group method [11-14] to
the second-order nonlinear variable-coefficients ordinary
differential Eq. (ODE), i.e. Eq. (4).

If Eq. (4) is invariant under the one-parameter Lie
group of point transformations

X* = X+ £ (X, ) +0(g%) (5)

u* = u+en(x,@) +0o(?) (6)
with infinitesimal generator

V= a(x,cp>§+n(x,<p>% @)

where the coefficient functions &(x,¢) and n(x,¢) are to

be determined later. The vector field (7) is a generator of
point symmetry of Eq. (4) if

2n+1 4n+l]

prV[e,, + f (X)o+g(x)e™ +h(x)¢ =0 (8

(4)

where pr®V represents the second prolongation and is
defined by

0 0
rov =£(x, @) — +n(x,p) — +
p &( (p)5 n(x, ¢) P

0 0 ®)
+1 (X,tp)a—%m (X,w)a
here n*(x,¢) and n™(x,¢) are given by
n'=D,M-9,b,() =n,+M,-5)o, -¢E,  (10)

=D,(n")~9,D,(&) =
=n, +(, —28)0, +(2n,, — &,
+(M,, —26,,)0% — &9

-3,0,)0,+ (11)

where D, denotes the total derivative operator and is
defined by

D= Lo, g, (12)
OX op op

X

From Egs. (8)-(12), one can obtain the determining
equations for the symmetry group

€, =0 (13)
My, —2&,, =0 (14)
2n,,—&, -39, =0 (15)

! 4n+1)

(M 1,0, —28,0,) +&(To+g'o™" +

(16)
+[f +(2n+1)ge™ + (4n+Dhe*"In=0

Solving Egs. (13)-(16), we get the only Lie point
symmetry generator of Eq. (4)

o 1 0
V =p(X)—+[=p'(X) +1]o— 17
|0()ax+[2|0()+]<pa(P 17)
with the constraint conditions
9(x) =g,p " (x)exp[-2nl |} p~ (c)dc] (18)

h(x) =h, p*" (x)exp[-4nl [ p~*(c)dc] (19)
P"(X)+4f () p'(X)+2F'(x)p(x) =0 (20)

where |, g,, and h, are the arbitrary real constants.

According to the invariance of the energy and
translational  invariance, we get the canonical
transformation

U (6) = p™*(x) exp(-10)(x) (21)

where 6=[; p~(c)dg

Under the transformation (21), Eq. (4) reduces to a
second-order constant-coefficients ODE reads

U,,+2IU, +g U +hU™™ =k U (23)

where k, :% p’? —% pp”—1>—fp® is a constant due to

dk,/dx =0 from Eqg. (20).

It needs to be noted that one can get p(x) by solving
Eq. (20) when GVD coefficient is known, and then obtain
the Lie point symmetry generator (17) and canonical
transformation (21). Therefore it is our primary task now
to seek analytical solutions to Eq. (23), for the sake of
simplicity, we take | =0 in our calculations.

3. Results and discussion
Integrating Eq. (23) once and choosing the integration

constant to be zero, then making some simple calculations
yields



802 Q. Zhou, Q. Zhu, A. H. Bhrawy, L. Moraru, A. Biswas

Jio=] & (24)
U 1_ go 2n ho 4n
k,(n+1) k,(2n+1)
Solving Eq. (24), one get

1/2n

4

g2 4h0 :|e2n ko® +e—2n k09+ 290

u@®)=
{@m:nz+man+n k,(n+1)

(25)

Now taking
@n+)(n+1)°k: —4(n+1)*hk, —(2n+1)g; =0 yields

o 2n+Dh, +.J4(n+1)*h +(2n+1)*g?

26
° (n+1)(2n+1) (26)
Thus, Eg. (25) gives the wave profile
1/2n
u(o) = 2 (27)
cosh(2n\/k—09) + %

k,(n+1)

Finally, explicit 1-soliton solutions to Eqg. (1) with
dual-power law nonlinearity are got by substituting Egs.
(27) and (21) into Eq. (3).

3.1 Kerr law nonlinearity

The Kerr law nonlinearity, also known as the cubic
nonlinearity, arises in a light pulse propagating in an
optical fiber that faces nonlinear responses from non-
harmonic motion of electrons bound in molecules [2, 6]. If
c=0 (ie. y=0) and n=1, the dual-power law
nonlinearity falls back to the Kerr law nonlinearity, then
the governing Eqg. of optical solitons through space-
modulated optical fibers with Kerr law nonlinearity is
given by

iu, +a(x)u,, +b(x)|u‘u=0 (28)

Based on the same ideas as in Section 2, we can get
the following results: the Lie point symmetry generator of
Eqg. (28) is Eq. (17); the constraint conditions are Eq. (18)
with n=1 and Eq. (20); the canonical transformation is
also the Eq. (21).

Now we just need to solve the following Eqg.

Jio—f— 29)
U 1-9 2
2k,

Solving Eq. (29), one gets a bright soliton (bell
soliton) profile

u() = \/ZgI sech(,/k, ) (30)

and a singular soliton profile

u©) = |- ngo csc h(y/k, 6) (31)

Eq. (30) imposes the constraints k, >0 and g, >0,
while Eq. (31) imposes the constraints k, >0 and g, <O0.

Finally, explicit 1-soliton solutions to Eq. (1) with
Kerr law nonlinearity (i.e. Eqg. (28)) are got by substituting
Egs. (30), (31) and (21) into Eq. (3).

Here, we must emphasize that there exist more
solutions, this is because, in this case, Eq. (23) reduces to
the famous Jacobian elliptic Eq. reads

U, +9U P= kou (32)

and all solutions of which are given in Ref. [15].

3.2. Parabolic law nonlinearity

The parabolic law nonlinearity, also known as the
cubic-quintic nonlinearity, originates from the nonlinear
interaction between Langmuir waves and electrons [2, 6].
If n=1, the dual-power law nonlinearity reduces to the
parabolic law nonlinearity, then the governing Eg. of
optical solitons through space-modulated optical fibers
with parabolic law nonlinearity is given by

iu +a(x)u, + b(x)|u|2u + c(x)|u|4u =0 (33)

Based on the same ideas as in Section 2, we can get
the following results: the Lie point symmetry generator of
Eqg. (33) is Eq. (17); the constraint conditions are Egs.
(18)-(19) with n=1 and Eg. (20); the canonical
transformation is also the Eq. (21).

Now we just need to solve the following Eq.

Joo=] au (34)

U h-9eyz o ye
2k~ 3k,

Solving Eg. (34), one get
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u(e)= :
9> 4h, 9
(4 +§)exp(2\/k_09)+e><p(—2\/k_09)+k*

(35)

Now taking 3g?Z+16hk, =12k? yields

_4h, +.,/16h? —9g? 6)

° 6

Thus, Eq. (35) gives the wave profile

2

u®)=
\/2cosh(2\/k_09)+ﬁ°

37)

Finally, explicit 1-soliton solutions to Eq. (1) with
parabolic law nonlinearity (i.e. Eqg. (33)) are got by
substituting Egs. (35) and (21) into Eq. (3).

Here, we must also emphasize that there exist more
solutions; this is because, in this case, Eq. (23) reduces to

the famous U °® model reads
U, +9U’+hU°=kU (38)

and all solutions (constructed by using the Jacobian elliptic
Eq. expansion method) of which are given in Ref. [15].

3.3. Power law nonlinearity

The power law nonlinearity arises in various materials
[2, 6]. If c=0 (i.e.y=0), the dual-power law
nonlinearity reduces to power law nonlinearity, then the
governing Eq. of optical solitons through space-modulated
optical fibers with power law nonlinearity is given by

iu, +a(xu,, +b(x)|u"u=0 (39)

Based on the same ideas as in Section 2, we can get

the following results: the Lie point symmetry generator of
Eq. (39) is Eqg. (17); the constraint conditions are Eqgs. (18)

and (20); the canonical transformation is also the Eq. (21).
Now we just need to solve the following Eq.

Joo=f——L (40)
U \/1_ 9
k (n+1)

Solving Eq. (40), one gets the wave profile

1/2n
u(e) = {%} sech”[n,k, 6] (41)

0

Finally, explicit bright 1-soliton solution to Eq. (1)
with power law nonlinearity (i.e. Eq. (39)) is got by
substituting Egs. (41) and (21) into Eq. (3).

4, Conclusions

Exact optical solitons to the NLSE with space-
dependent dispersion and four types of non-Kerr law
nonlinearity are constructed with the aid of the Lie group
method. These nonlinearities are the Kerr law, parabolic
law, power law and dual-power law. The Lie point
symmetry generator and canonical transformation to the
second-order nonlinear variable-coefficients ODE (i.e. Eq.
(4)) are got.

References

[1] M. Savescu, S. Johnson, A. H. Kara, S. H. Crutcher,
R. Kohl, A. Biswas, J. Electromagn. Waves Appl.
28,242 (2014).

[2] A. Biswas, S. Konar, Introduction to Non-Kerr Law
Optical Solitons. Boca Raton, FL. USA, CRC Press,
2006.

[3] Q. Zhou, J. Mod. Opt. 61, 500 (2014).

[4]1 W.J. Liu, B. Tian, H. L. Zheng, Y. Jiang, Europhys.
Lett. 100, 64003 (2012).

[5] M. Saha, A. K. Sarma, Commun. Nonlinear Sci.
Numer. Simul. 18, 2420 (2013).

[6] A Biswas, M. Fessak, S. Johnson, S. Beatrice,

D. Milovic, Z. Jovanoski, R. Kohl, F. Majid, Opt.
Laser. Technol. 44, 263 (2012).

[7] M. Savescu, A. H. Bhrawy, A. A. Alshaery, E. M.
Hilal, K. R. Khan, M. F. Mahmood, A. Biswas,

J. Mod. Opt. 61, 441 (2014).

[8] S. Konar, A. Biswas, Opt. Mater. 35, 2581 (2013).

[9] S. Konar, A. Biswas, J. Electromagn. Waves Appl.
19, 1443 (2005).

[10] B. Mandal, A. R. Chowdhury, J. Electromagn. Waves
Appl. 21, 123 (2007).

[11] J. Belmonte-Beitia, V. M. Pérez-Garcia, Phys. Rev.
Lett. 98, 064102 (2007).

[12] X. Y. Tang, P. K. Shukla, Phys. Rev. A 76, 013612
(2007).

[13] A. G. Johnpillai, A. H. Kara, A. Biswas, Appl. Math.
Lett. 26, 376 (2013).

[14] G. W. Wang, T. Z. Xu, S. Johnson, A. Biswas,
Astrophys Space Sci. 349, 317 (2014).

[15] Q. Zhou, D. Z. Yao, F. Chen, J. Mod. Opt. 60, 1652
(2013).

“Corresponding author: biswas.anjan@gmail.com


http://www.tandfonline.com/action/doSearch?Contrib=Mandal%2C+B
http://www.tandfonline.com/action/doSearch?Contrib=Chowdhury%2C+A+R

