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This paper addresses optical solitons in birefringent fibers with Kerr law nonlinearity, in presence of perturbation terms and
spatio-temporal dispersion. The Riccati equation expansion algorithm is applied to secure soliton solutions to the model.
Dark and singular soliton solutions are obtained for both components of the model. Additional solutions revealed, with this
algorithm, are plane waves and singular periodic solutions. These are obtained as a byproduct and are not applicable to

birefringent fibers.
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1. Introduction

Optical solitons is a cherished area of research in
the field of nonlinear optics [1-20]. These solitons
appear in polarization-preserving fibers as well as
birefringent fibers. When pulses are polarized due to
bend, twists and external stress on these fibers, they split
and this leads to differential group delay and thus the
two pulses undergo polarization mode dispersion [2, 4].
With such an unwanted physical situation the governing
nonlinear Schrddinger’s equation (NLSE) splits to
vector coupled NLSE in a birefringent fiber.

The integrability of this vector coupled NLSE is a
challenging task. This paper applies a mathematical
technique that is known as the Riccati equation method
that integrates this coupled NLSE in presence of several
perturbation terms. This integration scheme leads to dark
solitons and singular soliton solutions with constraint
conditions that must stay valid for these solitons to exist.
Moreover, as a byproduct, other forms of nonlinear
wave solutions emerge. These are plane waves and
singular periodic solutions. The details are discussed in
the section below. It must, however, be noted that ansatz
approach was applied earlier where bright, dark and
singular soliton solutions were obtained [2, 4].

2. Governing equation
The dimensionless form of the coupled NLSE with

STD and Kerr law nonlinearity, with perturbation terms,
is given by [2]

iqt + a‘qux + bqut + (Cl|q|2 + d1|r|2)q
g, + 49 ), +14(d), g )
+1 , =0
+6,|0"a, + 7,0,

ir, +a,r, +b,r, + (cz|r|2 +d2|q|2)r

27 xx

Jayr, +/1?_(|r|2r)X +v2(|r|2)xr )
+1 , =0
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For equations (1) and (2), g(x,t) and r(x,t) are
wave vector fields in birefringent fibers that are complex-
valued functions. for | =1, 2, &, represents the coefficients

of group velocity dispersion (GVD), while b, are the

coefficients of spatio-temporal dispersion (STD). The
coefficients of self-phase modulation (SPM) and cross-phase

modulation (XPM) are C, and d| respectively. From the
perturbation terms, ¢, represents inter-modal dispersion,
A, are the coefficients of self-steepening terms, v, and 6,

are the coefficients of nonlinear dispersion and finally ,

gives the third order dispersion.

The consideration of STD in addition to GVD is needed
in order to make the governing equation well-posed [6]. The
self-steepening terms are included to avoid the formation of



Optical solitons in birefringent fibers with Riccati equation method 1033

shock waves. Finally, the 30D terms creep in, if GVD is
low. The SPM term is due to Kerr law nonlinearity. In
order to study (1) and (2), the following transformation
is the starting point [2]:

a(x,t) =U, (e *? ®)
r(x,t) =U,(£)e"*" @
where U, (&) represent the shape of the pulse and

¢=B(x-vt) (5)
O, (x,t)=—xX+at+o,,1=12 (6)

In Egs. (3) and (4), the functions ®@,(X,t)
represent phase components of the soliton. From the
phase, k| are the soliton frequency ), are the wave

numbers and o, are the phase constants. Finally in Eq.

(5), Vv is the velocity of the soliton. Substituting Egs. (3)
and (4) into Egs. (1) and (2) and decomposing into real
and imaginary parts lead to

Rel:
B? (a, —bv+ 3,7 U/
—w —ax’+bhkwo 7
+[ 1 1™ 1 ) 11 lJul ()
+ oK — K

+ (A, + 0,k +c)US+dUU, =0

Im1:
{(bllc1 -1)v-2axk; }U ,
+bw, + o, —3y,k7 !
+ (34, +2v, +6)U/U, + B*yU"=0

Re2:
Bz(a2 —b,v+3x,7,)U,
—w, —a,k>+bxw 9
+( ) 223222})2 9)
+ K, — YK,

+ (A, + 6,5, +¢,)US +d,UU, =0

Im2:

b.x, —1)v—-2a,x
(2 2 ) 2 22 UZ, (10)
+b,w, + @, - 3y,x;

+(34, +2v, +6,)U2U} + B*y,Ur=0

Integrating Egs. (8) and (10) respect to &£, then we
have

{(bllc1 -1v-2ax, }U

+bo +a, - 3]/11(‘12

(11)
+ %(3/11 +2v, +6)U2 +B*yU/=0
{(bzrf2 -1v-2a,x, }U

+b,w, +a, —3y,k; (12)

+%(3&2 +2V, +0,)US +B%y,U) =0

By Eqgs. (11) and (12), we have

7, =0 (13)
34 +2v,+6,=0 (14)

(bx, —)v—-2a,x, +bao + ¢, =0, 1 =1, 2 (15)

Therefore (13) shows tha this integration algorithm is
applicable provided 30D is take off from the model. Thus,
the integrable model equations (1) and (2) reduces to

iqt + aqux + bqut + (Cl|q|2 + d1|r|2)q
feng, + A4 (d ), (16)
+i 0

+v,(d*),q+6d a,

ir, +a,r, +h,r, + (cz|r|2 + d2|q|2)r

27 XX

aor, + 4, (r 1), (17)
+1 , , =0
+v,(r ) r+6,rr,

Next, from Eq. (15), we obtain

. 2a,x, —bw, — ¢,
bx, —1

(18)

Eqg. (18) is the velocity of the soliton for the two
components and Eq. (14) represents the constraint condition
to ensure the solitons exist. Also, from (18), the following
relation is imposed:

bx, =1 (19)
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Then, from (18), equating the velocity of the
solitons leads to the constraint condition given by

(231K1 -bw, - )(szz - 1) = (20)
(Zasz -b,w, - a, )(blKl _1)
By Eq. (13), Egs. (7) and (9) reduce to

B?(a, —bv)U/
+ (— o, — k] +br,o + 0‘1K1)J1 (21)
+ (A, + 0,k +c U +d,USU, =0

Bz(az - bZV)Ué'
+ (— w, — K5 +b,K,w, + ok, )JZ (22)
+ (LK, + 6,5, +C,)US +d,UU, =0

3. Ricatti equation approach

In this section, the Ricatti equation approach [8]
will be shown in detail to obtain the singular solutions,
singular and dark soliton solutions to Egs. (1) and (2).
According to the homogeneous balance method, Eqgs.
(21) and (22) have the solutions in the form of

U, (&) = A+ Ap(S) (23)
U, (&) =B, +Bp(5) (24)

and (&) satisfies the Riccati equation
@'(€) =T +¢(&) (25)

where f real-valued constant that is independent on & .

Eq. (25) is the well known Riccati equation, which
admits the following explicit solutions:

p(&) =T tan(,/T &) (26)
P(&)=—T cot(/T &) (27)

when f >0, and

P(&)=—J-f tanh(y—F&)  (8)
@(&)=—/- T coth(y- &) (29)

when f <0, and

1
=-= 30
o(&) : (30)

when f =0.

Substituting Egs. (23) and (24) along with (25) in Egs.

(21) and (22) leads to

B*(a, ~bv)(2A fp + 2A0%)

+ (— @, — allcf +b @ + allcl)(A) +Ap)

(31)
+ (4K, + 61 +¢) (A + A1(P)3
+d, (B, +B,p)* (A + Ap) =0
B? (a, —b,v)(2B, fp + 2qu03)
+ (— @, — a2K22 +b,x,0, + azxz)(Bo +B,p) @2

+ Ak, + 6,5, +C,)(B, + Bl¢)3
+d,(A + Ag)’ (B, +B,p) =0

Then, equating the coefficient of each power of @(&)

to zero, we obtain a system of nonlinear algebraic equations
which solve to

(Alz f (4, + Ok, +C)) J
o = + fd,B” +a,x! — ok, (33
bx, —1
[Bf f (Ayic, + O,k +c2)]
o, = + fdzAl2 +a2/c22 —a,k, 34)
b,x, -1
[Af(_bzcl ~b, 4%, —b, O,x, + dzbl)]
| \* BZ(A,x,b, + 0,i,b, +c,b, —b,d,) )

2(b2a1 - a2bl)

(Blz {(/12’(2 +0,K,+C,)a, — a2dl} J
V= + Aiz{_ (¢, + Ak, + O, )a, + dzal} (36)

Alz(del —b, (Cl + Ak + 91K1))
+ Bf(bl(isz + 0,0k, + Cz)_ bZdl)

A=A, B =8B, A=8=0 (37)

Now, equating the two values of v from (18) and (36)

leads to
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_Bz (A5, + Oy, +C,)ay
' _azdl

N Aiz - (¢, + 4k, +0,K,)a,

i +d,a, ]

:(2K|a| —-bo _a|)
Alz(dzbl -b, (Cl + A4k + 91’(1))

X Ak, +6
n Bf[— b,d, + b{ 22 ZKZD
+C,

Finally, using solutions (26)-(30) of Eqg. (25), we
obtain the the following singular periodic solutions for
the two components

q(x,t) = An/Ttan(\/TB(x—vt)) 39)

(b, —1)

(38)

% ei(—x1x+a)1t+o-1)
and
r(x,t)=B,/T tan(\/TB(x—v1)) )
% ei(—K2x+a)2t+az)
as well as
q(x,t) = —Ai\/T cot(\/TB(x —vt)) 1)
% ei(—K1X+a)1t+O'1)
and

) =-BT ot TBO-v))

—KpX+@yt+0y )

xei(

These solutions exist for f >0 . However, for
f <0, one recovers the dark 1-soliton solution given
by

q(x,t)=—Al\/jtanh(\/jB(x—vt)) @3

K X+ot+oy )

xei(

and

r(x,t) =—By/— T tanh(y= T B(x—vt))

KX+t +0, )

_ (44)
xell

or singular 1-soliton solutions given by

q(x,t):—An/j coth(\/jB(x—vt)) (45)

—K1X+0}1t+0'1)

xei(

and

r(x,t)=—Bl\/j coth(\/jB(x—vt)) (46)

—KpX+ant+oy,)

x @'l

Finally, for f =0, the following rational solutions
emerge:

Ai ei(—x1x+colt+al)

q0t) == B(x —Vt)

(47)

and
Bl

ei(—xzx+w2t+0'2) (48)
B(x —vt)

r(x,t)=—

where B is given by Eq. (35), while V is given by Eq. (36),
and @, are given by Egs. (33) and (34). These solutions will

be defined subjected to the constraint conditions (13)-(15)
and (19)-(20) and (38).

4. Conclusion

This paper recovered dark and singular optical solitons
in Dbirefringent fibers where in addition to several
perturbation terms STD is considered along with GVD for
well-posedness of the governing model. Riccati equation
method retrieved soliton as well as other solutions to the
model. These additional solutions are singular periodic
solutions and plane waves. Although these non-soliton
solutions are not applicable in optics, they are listed to
obtain a complete spectrum of solutions. It is unfortunate
that this integration algorithm cannot retrieve soliton
solutions for birefringent fibers in parabolic law medium,
this paper therefore was confined to Kerr law nonlinearity.
Later, this integration will be further applied to several
additional situations such as cascaded systems, Thirring
solitons, DWDM systems and optical couplers, just to name
a few. The results of those research will be disclosed in
future.
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