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Kirchhoff index of the nanostar dendrimer NS[n]
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The resistance distance r(u,v) between vertices u and v of a connected (molecular) graph G is computed as the effective
resistance between nodes u and v in the corresponding network constructed from G by replacing each edge of G with a unit
resistor. The Kirchhoff index Kf(G) is the sum of resistance distances between all pairs of vertices. In this work, an explicit
closed-form formula for Kirchhoff index of the nanostar dendrimer NS[n] is derived according to a recursive relation of
resistance distances, and the Kirchhoff index of NS[n] is approximately to 7/9 of its Wiener index and 7/15 of its detour index,

respectively.
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1. Introduction

A topological index is a numerical quantity derived in
a unambiguous manner from the structure graph of a
molecule. As a graph structural invariant, i.e., it does not
depend on the labeling or the pictorial representation of a
graph. Despite the considerable loss of information by
compressing in a single number of a whole structure, such
descriptors found broad applications in prediction of
several molecular properties and biological activities.
These studies called QSPR/QSAR have both diagnostic
and prognostic abilities and aimed to elucidate the relation
between the structure of a molecule and its properties or
biological activities.

On the basis of electrical network theory, Klein and
Randic [1] introduced the concept of resistance distance.
Let G be a connected (molecular) graph with vertex set
V={vy, Vy, ..., Vo}. They view G as an electrical network
N by considering each edge of G as a unit resistor, then the
resistance distance between vertices v; and v;, denoted by
r(vi, vj), is defined to be the effective resistance between
nodes v; and v; as computed with Ohm's law in N. The
Kirchhoff index [1] of G, denoted by Kf(G), is the sum of
resistance distances between all pairs of vertices in G, i.e.,

Kf (G) = Zr(vi,vj)=%zr(V)’ where r(v)=Zr(v,u).
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The Wiener index W(G) [2] is the sum of distances
between pairs of vertices in G, i.e.,
L Wi .
W(G) = Zd(viyv,-)ZEZd(V)' where d(v;, v;) is the distance
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between vertices v; and v; and d(v) :zd(\/,u). Klein
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and Randic [1] showed that Kf(G) <W(G) with equality
if and only if G is a tree. Like Wiener index, Kirchhoff
index is a structure descriptor. But it is difficult to
implement some algorithms [1, 3-6] to compute resistance
distance and Kirchhoff index in a graph from their
computational complexity. Hence, it makes sense to find
closed-from formulae for the Kirchhoff index. To this end,
closed-form formulae or numerical values for Kirchhoff

index have been given for some classes of graphs [7-14].

Dendrimers [15] are highly branched macromolecules.
They can be precisely designed and manufactured for a
wide variety of applications, such as nanotechnology, drug
delivery, gene delivery, diagnostics and other fields. The
first dendrimers were made by divergent synthesis
approaches by Vogtle [16] in 1978. Dendrimers thereafter
experienced an explosion of scientific interest because of
their unique molecular architecture. The aim of this article
is computing the resistance distances and Kirchhoff index
of an infinite class of dendrimers. We encourage the reader
to consult papers [17-26] for computing other topological
indices of some dendrimers.

Fig. 1. The nanostar dendrimer NS[n=3].
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2. Results and discussion

In this section, we will first give a recursive relation
of resistance distances, and then obtain an explicit
closed-form formula for Kirchhoff index of the nanostar
dendrimer NS[n], depicted in Fig. 1, where n denotes the
step of growth in this type of dendrimer. It is easy to see
that the number of vertices and the number of edges in
NS[n] are |V |=18x2"—-12 and |E|=21x2" —-15.

Figure 2.

Let Hy be the central hexagon of NS[n]. Hy is a
hexagon in the k-th generation, XoxoXo1 IS the edge
Connecting Hy.1and H,, V(Hk)z{XZK_l, Xoks X'2ks ks Dicy Ck},
1<k <n, depicted in Figs. 2. G is the component
containing Vvy1  0of  NS[N]-XoxoXoka, Vi=V(Gy) and
|V, |=6x2"*" -6,

For any xeV, r) = r(xy)r "Xeen Xac2)=1,

yev

then

M(Xoa) = M(Xp0) = Z(r(xzk—lv Y) = (X2, YD) + Z(r(xzpp Y) =1 (Xp2, ¥))

:fIVk|+(|V|7|ka|)k:|V|72|Vk| -
ie., M(Xp1) = (X )+ 1V [ 2]V, |
1
In particular,
r(x) = r(x)+ 1V [=2|V, |5 r(x) +3x 2"
F(Xaez) = F(Xaes) = D (Mo V) = T (Ko V) + D (MK, V) =T (Xgi 0 Y))

yeVy yev,

+ Z(r(xzkfz ) y) - I'(sz,y Y)) + Z(r(xzkfzv Y) - I’(sz,g, y))

ye&Viy yeV(Hi)
4 4
=S40+ 20V |- 1Y, ;D +0

4
:§(|V|_|Vk [=1Via )

Le., ) =10 = 30V 1=V, -V d @)

From (1) and (2), we have

7 10 4 ne ks
r(Xpeq) = r(xzk—3)+§|v |_§|Vk |—§|Vk—1 = F(Xps) +21x 2" —9x 272

=1(Xy g) + (21 2™ 9% 2") 4 (21x 2™ —9x 2" ) =
=r(%)+ 21K —)x 2" —9x 2" * I (14 24+ 2% +--- 4 257)
=r(x,) +(21k —39) x 2" +9x 2" **3

=1(X,) + (21k —36) x 2" 4 9x 2" K+

1€, r(Xy ) =r(X)+(21k —36)x 2" +9x 2" (3)

and
F(Xps) = M(Xp s )= |V [ +2]V, |= F(X,) + (21K —45) x 2™ 4 3x 2"+
4

(@) = r(Xye) =rl) —r(xy.,)
= Z(r(ak Y) = (X0, YD) + Z(r(ak VY) =1 (X0, )

Y&V yeVia

+ 2 (@G Y) =X Y+ 2 (r@G Y) =1%o 1Y)
Y&V yev (Hy)

= Z r(ay, Xp 1) + Z(r(ak KXo ) = T (Ko gy X))
yeVy YeViia

+ Z(r(ak ) XIZk) =1 (Xp 4 X‘Zk )+0

Y&V

5 1 1., 5 1
=g(|V [=1V, |)_E|Vk+l|+g|vk+l |=g(|V =1V, |)_§|Vk+1|

; 5 1
.., r(ak) = r(bk) = r(sz—1)+g(|V |_ |Vk |) _5 |Vk+1 | '
And by (3),

r@@)=r(b,) =r(x,)+(42k -57)x 2" +15x 2"** -3
(%)
Similarly,
I’(Ck)— r(xzm)

= Z(r(ck Y) - r(XZk—l’ )+ Z(r(ck Y) - r(XZK—li ¥))

yeVy YV
+ Z(r(ck ) =1 (Xgeq, Y)) + Z(r(ck Y) =1 (Xa10 Y))
yeVi yev (Hy)
= Z F(Ces Xpa) + Z(r(ck $Xoi ) = T (Xp1s Xp1))
yeVy eV
+ Z(r(ck , Xék) =1 (Xpy 4, Xék ))+0
yeVi

3 1 1., 3
:E(|V|_|Vk |)_§|Vk+1|_§|vk+1|25(|v|_|Vk D=1Vi |
Ly r(c,) =r(Xy) 3 V|-V V,
e k) =Xy +§(| [ =1V D=1 Vi |-
And by (3),
r(c,) =r(x,) +(42k —45) x 2" +3x 2" -3 (6)

From (3)-(6), we have

r(Hk) = z r(y) = r(xzka) + r(xzk) + r(xék ) + r(ak) + r(bk)+ r(ck)

yeV (Hy)
=[r(%,) +(21k —36) x 2" +9x 2" 1+ 2[r(x,) + (21k — 24) x 2" +3x 2"*]
+2[r(x,) + (42k —57) x 2" +15x 2" %% 3]+ [r(x,) + (42k — 45) x 2" + 3x 2"**4 _3]
=6r(X,) +(252k —327) x 2" + 21x 2"*** -9

Now, we compute r(Xo).

r(xo, X2k71) = r(xo‘xl) + r(xl,xz) + l’(szxg) + r(x3, X4) toet r(XZkfz,XZkfl)
:1+£+1+£+~-~+1:zk—é
3 3 3 3
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7, 4 5 7
r(x,,b,) =r(x,a,) =r(x, x +r(Xy,8,)=—k——+=-=—-k-=
( 0 k) ( 0, k) ( 0, Zk—l) ( 2k-1, k) 3 3 6 3 2

. 7 4 4 7
r(Xy, Xp ) = (X X5 ) = F(X, X +r(Xy 1 X ) =—k—=+—===k
( 0 Zk) ( 0, Zk) ( 0, Zkfl) ( 2k-1, Zk) 3 3 3 3

7, 4 3 7 1
r(X,,C, ) =r(Xo Xy 1)+ (X, 1€ )=—k——=+=—=—k+=
( 0 k) ( 0, 2k—1) ( 2k-1, k) 3 3 2 3 6

13,
0t H) = Yrl,y) =1k

yeHy

and S r(x,y) = 3250 r(xy, Hy) = D (14K —%)2“1
k=1 k=1

yevy

By the symmetry of NS[n], we have

n

S r06:9) = 21069 = Y r6,9) = X (k-2

yEV£ y EVlﬂ yev; k=1

And,

(%) = 21X, V) + D (r(Xo, Y) + (X0, X))+ + D (F(Xg, ¥) + 1 (%, X))+ 21 (%, Y)

yevy yeVy yeV(Ho)

=33 (%, Y) + T (% %) IV 1410, 3%0) [Vy 1+ D1 (%, Y)
vy

yeV(Ho)
=3) (14K By oA+ 2
= 6 3 6

:%(63n><2"'z ~195x 2" + 230)

KF (NS[n]) = %[r(Hu) +32@x 25 xr(H )]

- %[Gr(xo) £9(2" ~1)+ Y (3% 27 (6r(x,) + (252K —327)x 2" + 21x 2" ~g))]
k=1

= %[6(3>< 2" —2)r(x,) +9(2+191x 2" —193x 4" +28nx 2" +84n x 4")]

:%[(3><2" —2)(63nx 2™ —195x 2" +230) + 9(2+191x 2" —193x 4" + 28nx 2" +84nx 4")]

=189nx 4" —1161x 4" +2799x 2" — 221
Theorem. The Kirchhoff index of NS[n] is

Kf (NS[Nn]) =189nx 4™ —1161x 4" +2799x 2" — 221.

In [21], Karbasioun, Ashrafi and Diudea gave the
Wiener index and detour index of NS[n]:

W (NS[n]) = 486(2n — 3) x 22" +1755x 2" — 270,
dd(NS[n]) = 2619 2" + (1620n — 2214) x 2°" —342.

It can obtained that the Kirchhoff index of NS[n] is
approximately to 7/9 of its Wiener index and 7/15 of its
detour index:

Kf(NS[n]) _ 7

im wnspp 9" M Gansm) " 15
and the convergence rate is fast.

Kf(NS[n]) 7
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