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Instability result of a fifth order non-linear delay system

CEMIL TUNCG

Department of Mathematics, Faculty of Sciences, Yizinci Yil University, 65080, Van -Turkey

This paper considers a fifth order nonlinear differential equation with a constant delay. Some sufficient conditions for the
instability of the zero solution are established, which are new and complement previously known results.

(Received May 9, 2011; accepted September 15, 2011)

Keywords: Instability, Lyapunov-Krasovskii functional, Delay differential equation, Fifth order

1. Introduction

In the last few years, the instability of solutions for
fifth order differential equations without delay has
received a lot of attention. Some of these results can be
found in Ezeilo [2-4], Li and Duan [7], Li and Yu [8],
Sadek [9], Sun and Hou [10], Tiryaki [11], Tung [12-14],
Tung and Erdogan [17], Tung and Karta [18] and Tung and
Sevli [19]. However, to the best of our knowledge, the
author in ([15], [16]) has only considered the instability of
the solutions of some fifth order nonlinear differential
equations with delay. Thus, it is worthwhile to continue to
investigate the instability of the solutions of fifth order
delay differential equations in this case. In regard to fifth
order nonlinear delay differential equations, in 2011, Tung
([15], [16]) discussed the instability of the zero solution of
the differential equations

XE 4y (X)X + (% XA =)y, XD XD (E=1))X" +
+6,(X)+ f(x(t-r)=0
and
X(S) + alx(4) + k(X, X',X”, Xm’ X(4))Xw + g(X')X” +
+h(X XXX, XY + f(x(t=1)) =0,
respectively.
Meanwhile, in 2000, Li and Duan [7] established an

instability theorem for the fifth order nonlinear differential
equation without delay

X () + fo(x(@), X'(), X"(t), X" (1), XY (©)x (t) +
+ ,(x(1), X' (1), X"(t), X" (1), X (1))X"(t)

+ O+ LX) +ax®)=0. )

In this paper, instead of Eq. (1), we consider fifth
order nonlinear delay differential equation

XP () + F (X(t =), X (=), X"(E = 1), x"(t = 1), XV ¢ = 1)x D (1)

+ (Xt =), X' (=), X"t =), X"(t = 1), x“ (t = r)X" (1)
+ f,(X"(t =)+ f,(X' () +a,x(t) = 0.

()
We write Eq. (2) as the system
Xll =Xy, X; =X, Xg =Xy, Xz,t = Xs, Xg:
= F O (=1, %, (=), X, (= 1), X, (t = 1), X (t=1)Xs
—f, (X A =1), X, (t—1),X, (t—r), X, (t—r),X; (t—r))xX,
t
- fs (X3)_ fz(xz) —a X+ J- f3’(x3 (S))X4(S)ds, (3)
t-r

where @, (< 0) and I (> 0) are constants, I' is fixed
delay, the primes in Eq. (2) denote differentiation with
respect to t,t e R* =[0,00); f,, f;, f, and f,

are continuous functions on R, R, R and R,
f,(0)=f,(0)=0. The

is a

respectively, and with

continuity of the functions fz, f3, f4 and f5

sufficient condition for the existence of the solution of
Eq. (2) (see [1, pp. 14]). It is also assumed as basic that

the functions fz, f3, f4 and fs

condition in their respective arguments. Hence, the
uniqueness of solutions of Eq. (2) is guaranteed (see [1,

satisfy a Lipschitz

pp-15]). We also assume in what follows that f3 is

Xl(t)a Xz(t)> X3(t)7 X4(t) and
X, X,, X5, X, and Xj,

differentiable, and

X5(t) are abbreviated as

respectively.

The purpose of this paper is to present a new result on
the instability of the zero solution of Eq. (2). Our method
relies on the the Lyapunov-Krasovskii functional approach
(see [5]). This method permits us to obtain new result on
Eq. (2) under quite general assumptions on the
nonlinearities. The obtained result improves and enhances
the result in Li and Duan [7, Theorem 5] for the case
without delay to the case with delay. Here, by defining an
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appropriate Lyapunov functional, we carry out our
purpose.

In the following theorems, we give basic idea of the
method about the instability of solutions of ordinary and
delay differential equations. The following theorem, due to
the Russian mathematician N. G. Cetaev’s (see LaSalle
and Lefschetz [6]). 5

Theorem A (Instability Theorem of Cetaev’s). Let
Q) be a neighborhood of the origin. Let there be given a
function V (X) and region €2, in € with the following
properties:

[0) V (X) has continuous first partial derivatives in
Q,.

(i) V (X) and V (X) are positive in Q.

(iii) At the boundary points of (), inside
Q,V(x)=0.

(iv) The origin is a boundary point of Q.

Under these conditions the origin is unstable.

Let I >0 be given, and let C =C([-r,0], R")
with

#(s). ¢ C.

¢ = max

—r<s<0

For H >0 define CH cC by
Cy ={peC:|g|<H}.

If X:[-r,a]— R" is continuous, 0< A< o0,
then, for each t in [0, A), X, in C is defined by

X (8) =X(t+s),-r<s<0, t=0.

Let G be an open subset of Cand consider the
general autonomous delay differential system with finite
delay

Xx=F(X), X, =X(t+6), -r<6<0, t>0,

where F :G — R" is continuous and maps closed and
bounded sets into bounded sets. It follows from the

conditions on F that each initial value problem
X=F(X), X,=¢€G

has a wunique solution defined on some interval
[0,A), 0 < A< 0. This solution will be denoted by

X(#)(.) sothat X, (@)= ¢.

Definition. The zero solution, X =0, of X = F(X,)
is stable if for each & >0 there exists & = 5(&) > 0
such that ||¢|| <O implies that |X(¢)(t)| <& for all

t > 0. The zero solution is said to be unstable if it is not
stable.

2. Main results

Our main result is the following theorem.
Theorem. Assume that there exist positive constants

a, and O such that the following conditions hold:

fz 0)=0, fz (Xz) # 0, (X, #0), f3 (0)=0,
f,(%)#0, (x;#0),
f)(x,)>0 forall x,, —a,< f,(Xx;) <@, forall X,
and
f, (%=1, X (t—T)) +% f2(x =1, X {t-r)<-5
forall X, (t—r),..., Xs(t =T).

Then, the zero solution of Eq. (2) is unstable.

It should be noted that the proof of the main result is
based on the instability criteria of Krasovskii [5]. Because
of these criteria, it is necessary to show here that there

exists a Lyapunov functional V =V (X,,..., X5, ) which
has Krasovskii properties, say (P,), (P,) and (P;):
(P,) In every neighborhood of (0,0,0,0,0), there exists
apoint (&,...,&5) suchthat V(&,...,&5) > 0,

d
(P,) the time derivative EV (Xjgees X5, ) along

solution paths of (3) is positive semi-definite,
(P;) the only solution (X,,..., Xs) = (X, (t),..., X5 (1))

of (3) which satisfies %V(Xn,..., Xs)=0,(t>0), is
the trivial solution (0,0,0,0,0).

Proof. We define a
V =V (Xeees X5 )

Lyapunov  functional

Vi=x,x, —I fo(s)ds+ f,(X,)%, +a,X X, —%alxj
0

0 t
2
—/11_[ _[x4 (6)d&ds, (4)
—r t+s
where S is a real variable such that the

0 t

J. J.Xj (H)d als is non-negative, and ﬂ“l is positive
- t+s

constant which will be determined later in the proof.

integral
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Hence, it is clear from the definition of V that

V(0,0,0,0,0) = 0

and

V(0,£,0,0,0) = —%alg2 >0

for all sufficiently arbitrary small & so that every

neighborhood of the origin in the  (X|,...,Xs) — space

contains points (& ,...,&5) such that V (&,,...,&5) > 0.
Let

(X} 5eees X5) = (X, (1),..., X5 (1))

be an arbitrary solution of (3). By an elementary
differentiation, time derivative of the Lyapunov functional

V' in (4) along the solutions of (3) yields

d
HV (Xjpoeees Xs)

=X = F (X (=), X (E= T)X X5 = T, (% (T =),y X, (L= 1))X]
+ £(x,)x]

t t
+X, j (X, ()X, (s)ds — A,rx; + 4, Ixf (s)ds

t-r t-r

= [xs —% fo (X (t—=1),, X5 (t— r))x4)

—{f, (X (t =), X5 (E = T)) +% £2 (X (t = ),eeey X5 (E— 1))} X7

+ 060X 4%, [ B ()X, (5)ds

t-r

t
—AIX; + A, jxf (s)ds

t-r

t
> 5} + 10606 +%, [ £0x(9))x,(s)ds
t-r

t
—1X; + A, J' X; (s)ds.
t-r

Making use of the assumption —a,< f)(X;) <a,

and the estimate 2| ab| <a’+b? , we have

t t
X, [ £, (8)ds = =Jx,| [| £06 ()] [, (5)|ds
t-r t-r
> Lo L sz(s)ds.
R 3H 4

Then
d ,
EV(XM,...,XSt) > {5 —(a, + A)rix; + £(x,)x]

1 t
+ (;Ll -5 jjrxj (s)ds.

1 26
Let A; =—a3 and I <—— so that
2 a
d
EV Koo X5) = T (X)XF +ax; >0

for a positive constant . Thus, the Lyapunov functional
V satisfies the property (P, ).

Besides, %V (Xjg5e-s X5 ) = 0 if and only if
X; =X, =X; =0. (5)
The substitution (5) in (2) implies
f,(X,)+a,x =0.

That is,
f,(x))+ax =0. (6)

Because, X; =0, X, = constant, forallt > 0. Hence,
by (6),
X, = constant, forallt > 0. But this implies that
XI' =0 and thus also, by (6), that
X, =0, forallt > 0.These estimates

since a, #0,we  have that

imply that
X, = X, = X; = X, = X5 = 0. Hence the property (P,)

holds for the Lyapunov functional V. The theorem is
thereby established.
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