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In this paper, the influences of incoherent optical feedback on the nonlinear dynamical characteristics of an optically injected 
semiconductor laser (SL) have been investigated numerically. Based on the bifurcation diagram of the extrema of peak 
series, it can be found that, after introducing incoherent optical feedback, the nonlinear dynamics of an optically injected SL 
will follow different routes to chaos oscillation. Period-doubling pulsing route and quasi-periodic pulsing route have been 
observed, which are different from that found in an optically injected SL without incoherence optical feedback. Mappings of 
dynamic states in the parameters space are plotted for different incoherence feedback strengths. Compared with an optically 
injected SL without incoherent optical feedback, a larger expansion of chaos region is observed.  
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1. Introduction 
 
Nonlinear dynamics of semiconductor lasers (SLs) 

under external perturbation [1-20] have attracted much 
attention due to its potential applications such as 
cryptographic communications, optical memory, 
spectroscopy and other fields. Through introducing 
external perturbation such as optical injection [1-4], 
optical feedback [5-8] and optoelectronic feedback [9, 10], 
the output of a SL can exhibit various dynamical states and 
follow different routes to chaos. In the early research stage, 
one usually focused on the nonlinear dynamic of a SL 
subject to one perturbation. Recently, the dynamics 
characteristics of a SL subject to more than one 
perturbation have attracted more and more attention 
[11-20]. In Ref. [11, 12], an additional optical injection is 
introduced into an optically injected SL in order to enrich 
and control chaos. In Ref. [13], it has been demonstrated 
that tailored optoelectronic feedback can be selectively 
used to excite periodic dynamical output from external 
cavity semiconductor lasers. For an external cavity SL, the 
time delay signature can be suppressed efficiently through 
introducing another external cavity [14], and the 
bandwidth of chaotic output can be enhanced through 
introducing optical injection [15-19]. For an optically 
injected SL, after adopting optoelectronic feedback, a 
notable expansion and shifting of the chaos region in the 
parameter space was observed [20]. However, it is 
inevitable that the chaotic bandwidth will be limited by the 
low–pass filtering effect of electronic device used in this 

system.  
In this paper, incoherent optical feedback has been 

introduced into an optically injected SL, and the output 
dynamical characteristics of SL are investigated 
numerically. Due to all-optical components in this system, 
the bandwidth is not limited by electronic bandwidth. By 
adjusting the injection strength, the laser can follow two 
typical routes to chaos pulsing (CP), where one is 
period-doubling pulsing route to CP and the other is 
quasi-periodic pulsing route to CP. Furthermore, for 
different incoherent optical feedback strength, the map of 
dynamical states in the parameter space consisting of the 
injection strength and the frequency detuning has also 
been given. Compared with that an optically injected SL 
without incoherence optical feedback, the chaos region is 
enlarged and the dynamic states are greatly enriched.  

 
2. Theoretical model 
 
The dynamic of an optically injected SL subject to 

incoherence optical feedback can be modeled by the 
following rate equations: 
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where E and φ are the amplitude and phase of electric field, 
respectively, N is the carrier density, N0 is the carrier 
density at transparency, α is line-width enhancement factor, 

V is the volume of active-region, G = 21 | |
g

Eε+
 (g is the 

linear gain coefficient, ε is the gain saturation coefficient) 
is the optical gain coefficient, e is the electron charge, τn is 
the carrier lifetime, τp is the photon lifetime, τin is the 
round-trip time of light in the laser cavity, I is the bias 
current. Einj and ωinj are the amplitude and frequency of 

injection optical field, respectively. △ν=(ωinj-ω)/2π (ω is 

the angular frequency of free-running SL, and ωinj is the 
frequency of injection optical field) is frequency detuning, 
τ is the feedback delay time, kinj and kf are the injection and 
feedback strength, respectively. 

The numerical results are calculated by using the 
following parameters values: α=3, V=1×10-16 m3, 
g=6.8×10-13 m3/s, e=1.6×10-19 C, τn=2.5 ns, τp=3 ps, τin=8 
ps, N0=1.25×1024 /m3, Einj=3.9342×1010 m-3/2, τ=6 ns, ε=0, 
I=1.5Ith, and the threshold current Ith= 12.9 mA. With 
above given parameters, the relaxation oscillation 
frequency of the free-running SL is 2.98 GHz and is 
estimated by f =1/[2π(gE2/τp)-1/2] [13].  

 
3. Results and discussion 

 
 

Fig. 1. Bifurcation diagrams of the extrema of the peak 
series for kf =0.184 and Δ ν=3.77 GHz, where the 
injection strength kinj varies from 0 to 0.25. The symbols 
are as follows: RP: regular pulsing; QP: quasi-periodic 
pulsing; P2P: two-frequency pulsing; P4P: 
four-frequency pulsing, CP: chaotic pulsing; P1: 
period-one; P2:  period-two;  P4: period-four;  CO:  
                 chaotic oscillation. 

 
Fig. 1 shows the extrema of the peak series plotted by 

increasing the injection strength kinj from 0 to 0.25 for kf 
=0.184, Δν=3.77 GHz. The optically injected SL with 
incoherence feedback can be operated at the regular 
pulsing (RP), quasi-periodic pulsing (QP), two-frequency 
pulsing (P2P), four-frequency pulsing (P4P), chaotic 
pulsing (CP), period-one (P1), period-two (P2), 
period-four (P4), chaotic oscillation (CO). From this 
diagram, it can be seen that there exits different routes to 
chaos, where two typical pulsing routes are observed. One 
is period-doubling pulsing route, which follows RP, P2P, 
P4P, to CP, and the other is quasi-periodic pulsing route, 
which follows RP, QP, to CP. These two routes are plotted 
in Fig. 2 and Fig. 3. 

 

 
Fig. 2. Time series (left column), power spectra (middle 
column), and phase portrait (right column) of different 
states with kf =0.184 and Δν=3.77 GHz for showing the 
period-doubling pulsing route to chaos, where kinj=0.04, 
0.046, 0.056, and 0.08 corresponds to (a)  RP, (b) P2P,  
         (c) P4P and (d) CP state, respectively. 

 
Fig. 2 shows the period-doubling pulsing route to CP 

by increasing the injection strength from 0.045 to 0.08, 
where the time series, the power spectra, and phase 
portrait are given. Fig. 2(a) shows the RP state, where the 
pulses with same intensity pulsing at the frequency of 
2.583 GHz and a single dot in the phase portrait can be 
seen. As injection strength increased to 0.046, the output 
state is a P2P state as shown in Fig. 2(b). The pulses 
intensity has two distinctive values which repeat one after 
the other. Except the pulsing frequency f1=2.725GHz, the 
sub-harmonic f1/2 also shows upon the power spectra, and 
two dots is observed in the phase portrait. Therefore, the 
output state is a P2P state. For kinj= 0.056 (see Fig. 2(c)), 
there are four distinctive values in the pulse intensity, four 
frequency components at f1/4, f1/2, 3f1/4, f1 in the power 
spectra, and four distinctive spots in the phase portrait, 
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which are the characteristics of P4P state. For kinj= 0.08 
(see Fig. 2(d)), the pulse intensity varies chaotically, the 
power spectrum is broadened, and the phase portrait shows 

a highly scattered distribution in a large area. So, the 
output is in a chaotic pulsing state under this circumstance.  

 
 

 
Fig. 3. Time series (left column), power spectra (middle column), and phase portrait (right column) of different states with         
kf =0.184, Δν=3.77 GHz for showing the quasi-periodic pulsing route to chaos, where kinj=0.01, 0.011, 0.0113 and 0.0123 
corresponds to RP (a), quasi-periodic two-frequency pulsing (Q2P) (b), quasi-periodic three-frequency pulsing (Q3P) (c)  and  
                                          CP (d), respectively. 

 
Fig. 3 shows the quasi-periodic pulsing route to CP. 

The RP and CP state in Fig. 3 (a) and Fig. 3 (d) shows the 
same characteristics as the RP and CP shown in Fig. 2 (a) 
and Fig. 2 (d). For kinj=0.011 (see Fig. 3(b)), quasi-periodic 
two-frequency pulsing (Q2P) state can be observed, where 
a frequency of 405MHz that is incommensurate with the 

pulsing frequency appears in the power spectrum. In the 
phase portrait for this state, a ring-like distribution is found. 
For kinj=0.0113 (see Fig. 3(c)), the laser will be driven into 
Q3P state. Compared with the Q2P state, an additional 
frequency 535MHz appears in the power spectrum and a 
torus is observed in phase portrait.  
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Fig. 4. Mappings of the dynamic state of an optically injected SL under incoherence optical feedback strengths kf = 0(left), 0.12(middle), 

0.184(right). The symbols are as follows: S, stable locking; P1, period-one oscillation; P2, period-two oscillation; Px, unified 
presentation of other dynamics, e. g., period-four and quasi-periodic; C, chaos 

 
.In order to reveal the influences of the incoherent 

feedback on an optically injected SL, Fig. 4 gives the map 
of dynamical states in the parameter space consisting of 
the relatively coupling level kinj and the frequency 
detuning ∆ν under different incoherent feedback strength 

kf. The white color corresponds to the stable locking (S) 
region, while P1, P2, period-four and quasi-periodic (Px), 
chaos states (C) are denoted by different grey scales as 
shown in the color bar. Fig. 4(a) is the map of dynamic 
state in an optically injected system without incoherence 
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optical feedback, where the chaos region (C) is small. 
With the increase of incoherent optical feedback strength, 
the significant expansion of the chaos regions is observed.  

 
4. Conclusions 
 
After introducing incoherent optical feedback, the 

nonlinear dynamics characteristics of an optically injected 
SL have been studied numerically. Different dynamic 
states, including stable locking, regular pulsing, periodic 
pulsing, quasi-periodic pulsing and chaotic pulsing, are 
observed by varying the parameters of injection and 
feedback strength. Meantime, two typical routes to chaos, 
named as the period-doubling pulsing route and the 
quasi-periodic pulsing route, have been found. 
Furthermore, under different feedback strengths, the map 
of dynamic states in the parameter space has been given, 
and significant expansion of the chaos region is observed 
after introducing incoherent optical feedback.  
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