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By employing the first principles method of the full potential linearized augmented plane waves (FP-LAPW) approach based 
on density functional theory and Debye model the thermodynamic properties of 𝛼 − 𝐴𝑙2𝑂3 are investigated. The exchange 

correlation potential was calculated in framework of generalized gradient approximation (GGA). Through the quasi-
harmonic Debye model, in which the phononic effects are considered, we have obtained successfully the thermodynamic 
parameters including the relative volume, heat capacity and volume expansion coefficient over a pressure range 0-70 Gpa 
and a wide temperature range of 0-2000 K.  
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1. Introduction 
 

The advanced of new materials improved the science 

and life qualities during the past several decades. One of 

these materials is alpha phase of Alumina𝛼 − 𝐴𝑙2𝑂3. 

The𝛼 − 𝐴𝑙2𝑂3 is an important ceramic material in its pure 

forms and is widely used in a range of industrial 

applications such as a substrate for the growth of thin 

metal, semiconductor, and insulator films in the 

microelectronics industry [1,2]. The study of 

thermodynamic properties of materials is of great 

importance in order to extend our knowledge about there 

specific behaviors when put under sever constraints such 

as a high pressure and high temperature. The properties of 

materials under high pressure have attracted much 

attentions because of their relevance for understanding the 

compositions of the earth's interior.The microscopic 

investigation of solid, either by means of an ab initio 

quantum mechanical method at zero temperature which 

neglecting zero point vibrational effect, i.e. in the static 

approximation. In order to proceed the thermodynamic 

calculations for solving problems in geophysics, particles 

accelerator,fission and fusion reactor, and etc, one needs 

an accurate knowledge of equation of state (EOS) and 

related thermodynamic properties. The EOS and chemical 

potential are two of key thermodynamic properties of a 

solid. The EOS of a given crystalline phase determines its 

behavior with respect to change in the macroscopic 

variables, mainly pressure and temperature. The chemical 

potential 𝜇 is the magnitude governing phase stability and 

change. To obtain the determination of the EOS and 𝜇 

from first principle one has to pay particular attention to 

the concept of thermodynamic equilibrium state. 

 
 
 
 

2. Method of calculations 
 

In recent years, ab initio total energy calculations 

based on density functional theory have been very 

successful in predicting crystal structures, electronic and 

optical properties of 𝛼 − 𝐴𝑙2𝑂3 but in our knowledge a 

complete study about thermodynamics properties of the 

alpha phase of Alumina have not been reported. In the 

present work, we have investigated the thermodynamics 

properties of α − Al2O3, using the density functional 

theory by full potential linearized augmented plane waves 

(FP-LAPW) method. The first principles calculations 

described here are performed with the Wien2k code [3] 

based on DFT. We use the the generalized gradient 

approximation (GGA) in the scheme of Perdew – Burke –

Ernzerhof [4,5] to describe the exchange and correlation 

potential. Inside the muffin-tin spheres, the wave 

functions, electron charge density and potentials were 

expanded in terms of spherical harmonics, whereas for the 

interstitial region between the spheres plane wave 

expansions were used. The core states were treated fully 

relativistically. To confirm the convergence of our 

calculations cut-off energy and the k-point set mesh 

according the minkhorst-pack grid [6] are investigated 

carefully. 

The thermodynamic properties of material are the 

basis of solid state physics and chemistry and industrial 

applications. The quasi-harmonic Debye model was 

applied to calculate thermodynamic properties of 𝛼-Al2O3 

by using GIBBS program [7]. In this model, the non 

equilibrium Gibbs function G
*
(V;P,T) can be written as 

[8] 

 

G
*
(V;P,T)=E (V)+PV+𝐴𝑣𝑖𝑏

∗ (ϴD(v);T)               (1) 
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where E(v), is the total energy per unit cell, PV 

corresponds to the constant hydrostatic pressure condition, 

ϴD(v) is the Debye temperature and 𝐴𝑣𝑖𝑏
∗  is the vibrational 

Helmholtz free energy. The vibrational contribution 𝐴𝑣𝑖𝑏
∗  

is given as [9-12]: 

 

𝐴𝑣𝑖𝑏
∗ (𝛳𝐷; 𝑇) =  𝑛𝐾𝐵𝑇 [

9𝛳𝐷

8𝑇
+ 3 ln (1 − 𝑒

−𝛳𝐷
𝑇⁄ ) + 𝐷 (

𝛳𝐷

𝑇
)]             

(2) 

where n, is the number of atoms per formula unit, KB is 

Boltzmann's constant, 𝐷(
𝛳𝐷

𝑇
) represents the Debye 

integral. The Debye temperature, 𝛳𝐷 , is expressed as [12]: 

 

𝛳 =  
ℏ

𝐾𝐵
[6𝜋2𝑉

1

2𝑛] 𝑓(𝜎)√
𝐵𝑠

𝑀
                       (3) 

where M, is molecular mass per unit cell, 𝐵𝑠 is the 

adiabatic bulk modulus measuring the compressibility of 

crystal which is defined by  [7]:  

 

𝐵𝑠 ≅ 𝐵(𝑉) = 𝑉
𝑑2𝐸(𝑉)

𝑑𝑉2                            (4) 

 

𝑓(𝜎)is given by [9-10]: 

 

𝑓(𝜎) =  {3 [2(
2

3

1+𝜎

1−2𝜎
)

3

2 +  (
1

3

1+𝜎

1−𝜎
)

3

2]
−1

}

1

3

            (5) 

 

The poisson's ratio 𝜎 is taken as 0.25 [13], therefore, 

the non-equilibrium gibbs function G
*
(V;P,T) can be 

minimized as a function of (V;P,T) with respect to volume 

V: 

 

(
𝜕𝐺∗(𝑉;𝑃,𝑇)

𝜕𝑉
)𝑃,𝑇 = 0                                (6) 

 

The thermal equation of state (EOS) V(P,T) can be 

obtained. The thermal expansion coefficient, 𝛼, can be 

expressed as [7]: 

 

𝛼 =  
𝛾𝐶𝑉

𝐵𝑇𝑉
                                      (7) 

 

where𝐵𝑇  is isothermal bulk modulus, 𝐶𝑉, is the heat 

capacity at constant volume, 𝛾 is the Gruniesen parameter 

and S entropy which are given by [7]: 

 

BT(T, P) =  V(
∂2𝐺∗(𝑉,𝑃,𝑇)

∂V2 )P,T                     (8) 

 

𝐶𝑉 = 3𝑛𝑘 [4𝐷 (
𝛳𝐷

𝑇
) −

3
𝛳𝐷

𝑇

𝑒
𝛳𝐷

𝑇 −1
]                   (9) 

 

𝛾 =  −
𝑑𝑙𝑛𝛳𝐷(𝑉)

𝑑 ln 𝑉
                                 (10) 

 

𝑆 =  𝑛𝐾 [4𝐷 (
𝛳𝐷

𝑇
) −  3 ln(1 − 𝑒

𝛳𝐷
𝑇 )]            (11) 

 

3. Results and discussion 
 

The total energy of  𝛼 − 𝐴𝑙2𝑂3 are calculated for 

different volumes around the equilibrium lattice constant 

a, bulk modulus 𝐵0 and its pressure derivative 𝐵′. We have 

fitted the curve 𝐸 = 𝑓(𝑉) to Murnaghan equation of stste 

[14].In Fig. 1. The plot of calculated total energy versus 

reduced volume is given.  

 

 

 
 

Fig. 1.Total energy versus reduced volume. 

 

 

The thermal properties of 𝛼 − 𝐴𝑙2𝑂3 are determined 

in the temperature range from 0 to 2000 K where the 

quasi-harmonic Debye model remains fully valid and the 

pressure effect was studied in 0 -70 Gpa range. The 

relationship between relative volume and pressure at 

different temperature are shown in Fig. 2. It is seen that 

when the pressure increase from 0 to 70 Gpa, the volume 

decreases. This can be attributed to that the atoms in the 

interlayer become closer and their interaction become 

stronger. It is clear that the relative volume increases with 

increasing temperature moderately.  

 

 

 
 

Fig. 2.The relationship between relative volume and 

pressure at different temperature. 

 

 

In fact the temperature has tendency to increase the 

lattice parameter and the pressure decreases it and we can 
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note trough the variation the effect of temperature remains 

dominant. 

The relationship between bulk modulus𝐵 and pressure 

at different temperature are shown in Fig. 3. These results 

indicate that bulk modulus decreases with temperature at a 

given pressure and increases with pressure at a given 

temperature. The results are due to the fact that the effect 

of increasing pressure on material is similar as decreasing 

temperature of material. 

 

 
 

Fig. 3.The relationship between bulk modulus and 

pressure at different temperature. 

 

 

The specific heat of a metal is due essentially to the 

vibrational motion of the ions. The heat capacity of a 

substance is a measure of how well the substance stores 

heat. The temperature dependence behaviors of the 

constant volume heat capacity at various pressures are 

shown in Fig. 4. As we can see from Fig. 4.when𝑇 <
500 𝐾, 𝐶𝑉increases rapidly with temperature at a given 

pressure which is due to the anharmonic approximation of 

the Debye model and decreases with pressure at a given 

temperature. At high temperature, the constant volume 

heat capacity tend to the Dulong-petit limit[15] which is 

common to all solid at high temperatures. At sufficiently 

low temperature, however, the 𝐶𝑉 is proportional to 𝑇3 

[15].At intermediate temperature, the temperature 

dependence of 𝐶𝑉is governed by the details of vibrations 

of the atoms. 

 

 

 
 

Fig. 4.The relationship between heat capacity and 

temperature at different pressure. 

 

The volume thermal expansion coefficient 𝛼 is a 

material property that is indicative of the extent to which a 

material expands upon heating. The variation of thermal 

expansion 𝛼 with temperature and pressure are shown in 

Fig. 5. It can be directly obtained from Eq. (7). It can be 

seen that at a given temperature, 𝛼 decreases drastically 

with the increasing of the pressure and increases with 

increasing temperature at different pressures. These 

indicate that the anharmonic effects are important at low 

pressure and high temperatures for 𝛼 − 𝐴𝑙2𝑂3. 

 

 

 
 

Fig. 5. The relationship between thermal expansion and 

pressure at different temperature 

 
 
4. Conclusions 
 

In this study, the thermodynamic properties of 

𝛼 − 𝐴𝑙2𝑂3 are investigated using full potential linearized 

augmented plane waves (FP-LAPW) approach based on 

density functional theory and Debye model. The exchange 

correlation potential was calculated in framework of 

generalized gradient approximation (GGA). We analyzed 

the thermodynamic parameters over a pressure range 0-70 

Gpa and a wide temperature range of 0-2000 K. It is found 

that the effect of temperature on the relative volume is not 

as significant as that of pressure while the relative volume, 

heat capacity and volume thermal expansion decreases 

with increasing pressure, the bulk modulus increases with 

the increase of pressure. The high temperature leads to a 

smaller adiabatic bulk modulus, a larger heat capacity and 

a bigger volume thermal expansion coefficient.  
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