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The far - field characteristics of line sources lying between the slabs of a multi - dielectric substrate configuration are  
presented. Such a configuration is usual in the technology of microstrips as well as in remote sensing. The electric field is  
expressed in the form of a Fourier integral of the potential V(y,h), which is given by the solution of the 2-D wave equation.  
The unknown coefficients of the solution are found from the boundary conditions of the electric and magnetic fields at the  
interfaces of the substrates. A set of numerical results for one to many substrates media give interesting radiation  patterns. 
The  main conclusion is that the patterns from a line source are similar to that given in free space by a complex  array of 
sources. Symmetric or non - symmetric configurations give patterns with the corresponding characteristics. The  ray optical 
techniques fail for more than three substrates, due to multi - reflection and refraction, while our procedure can  be applied 
for any set of lossless or lossy substrates. 
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1.  Introduction 
 
Remote sensing, many microstrip antennas as well as  

other antenna arrays are all based on the reflection and  
refraction effects of multilayered dielectric structures. A  
lot of interesting studies are found in the international  
literature, where different theoretical models solve  
problems related with the above mentioned applications.  
A line source, that lies on the interface between two  
dielectric substrates, is one of the most attractive models.  
Many cases ([1] – [10]) have been given in the past,  
where in [9] the patterns of a line source lying in a  
medium with up to four substrates are presented. From the 
results of these studies it was found that many differences 
appear, due to the different number of the  substrates as 
well as the different dielectric constants and  thicknesses. 

Pattern maxima can be controlled by  combining the 
geometrical and physical characteristics of  the layers and 
show an interesting flexibility as the  number of layers 
increases. 

Following the solution of a four - dielectric substrate  
system we can see that the analytical process is very  
complicated. We must say that it is not possible - or,  
anyway, it is hardlaboured - to follow the same method if  
we increase the number of substrates to more than four.  
Our present study has to do with the investigation of the  
radiation from line sources lying in a multi - substrate  
medium. It seems that this is the more general case,  which 
includes all the previous as specific ones. On the  other 
hand, one can study radiation effects from linear  arrays of 
point sources with any current distribution,  which arrays 
are mounted into a dielectric structure. 
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Fig.  1. (a)Geometry for the case of one source mounted  between  an  N – layer dielectric  structure .(b)Geometry 

of one dielectric slab and one source in distance h above the slab. 
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Fig. 1(a) shows our configuration geometry with a  

point source lying on the j – th interface. We can replace  
the point source by any linear array of sources, having  the 
desired current distribution. The line sources can be  put at 
any position into or outside the above mentioned  
configuration. On both sides of the system we have  
unbounded space, not necessary air. There is no  
quantitative limitation for ni and di (i = 1, 2, . . . , N). It  is 
possible to reduce the geometry by zeroing one or more  
substrate thicknesses. It must be pointed out, that our  
method is not limited. That happens because the whole  
procedure is not based on any analytical expression of the  
field but on a suitable numerical computation. 

 
2. Formulation 
 
For the geometry given in Fig. 1(a), the electric field  

is derived from the solution of the wave equation   
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We can write the solution of (1) in the form of the  Fourier 
integral given by 
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By combining (1) and (2), we find that the potential  
V(y,h) satisfies the differential equation 
 

)yy(I
2

jV)hk(
dy

Vd
jj

0
i

22
i2

i
2

−−=−+ δ
π

ωµ      (3) 

where 

∫
∞

∞−

= dhe
2
1)x( ihx

π
δ                          (4)  

      
In (3) we have i = 0, 1, 2, . . , j, . . , (N+1) (for the 

unbounded space and the substrates), 
δ(y-yj) is the Dirac delta function, 
Ij is the amplitude of the current of the  
line source, which is located at the jth  
interface, and 
Vi is the function, which for any of the  
subregions takes one of the following  
forms: 
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The 2N+2 unknown coefficients ai, bi  (i= 0, 1, 2, . . . , N)  
can be found from the boundary conditions at the  
interface of the substrates of our model. These conditions  
are: 
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 Eqs. (6) and (7) with the help of (5) form a  linear 
system of 2N+2 equations with 2N+2 unknowns.  From 
the unknowns we need only a0 and b0, because  these are 
the only necessary coefficients for the derivation  of the 

far field’s expressions at  
oo 180φ0 ≤≤  and     

oo 360φ180 ≤≤  regions (outside the layered  
configuration). 

 To find the far field we use Eq. (2), where we  
apply the Stationary Phase Method, [12]. This method  
gives the asymptotic expansion of the integral (2).   

For justification of the use of this method, let us see a  
generalized Fourier integral of the form 
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where f(t), ψ(t), a, b, x and t are real. For ψ(t) = t, the  
above generalized Fourier integral is simply an ordinary  
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 is used when ,0)α(ψ )p( >   while  
p2
πj

e
−

 is  

used when  .0)α(ψ )p( <  We apply (9) in our case, for  
which f(t) is substituted by V(y,h). The electric field in  
the unbounded space becomes 
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We transform the above eqs. (10) and (11) replacing x  
and y by 
x  =  ρcosφ ,     y  =  ρsinφ  
and  also h  =  n01k0sinφ  for (10)            
  h  =  n02k0sinφ  for (11). 
After this transformation, the integrals (10) and (11) take  
the form of (8), for which the asymptotic expression is  
given by (9). In our case ψ(t) corresponds to sin(α + φ)  
with independent variable α instead of t. The first  
derivative of ψ is equal to zero when α + φ  =  π/2. Eqs.  
(10) and (11) can be approximated by (9). So, for each  
angle φ we use (6) and (7) to find a0 and b0, for which the  
integrand expressions are calculated from (9) by setting p 
= 2. The radiation pattern is found from the time - 
averaged Poynting Vector  S(φ), 
 

2,1i,En
2
1)(S 2

i0z
0

0
i0 ==

µ
ε

φ  (12) 

 
In Appendix we give, as an example, the form of the  

linear system for the derivation of the coefficients ao and  
bo for a case of 6 dielectric slabs. The total current Ii of  all 
sources, just for computational convenience, is  
accompanied by a parameter mi, which specifies the  
current distribution. 

One can find analytical expressions for ao and bo,  
solving the linear system of equs. (6) and (7). In any  case, 
this is a system of 2N+2 equations. Instead of  finding 
these analytical expressions, we can use  appropriate 
computer programs, by means of which we  can avoid the 
derivation of complicated expressions. We checked the 
numerical method for cases up to 8 dielectric  substrates 
and the results were in absolute coincidence  with the 
analytical one. 

 
3.  Radiation pattern results 
 
To confirm our numerical results we compared them  

with those corresponding to simpler cases studied in the  
past. The radiation patterns taken by the method we  
described above are in exact agreement with those  
presented in ([7] - [9]) as well as in [11] for any linear  

array and in [10] for microstrip antenna with a dielectric  
cover ([10], Fig. 3.14). We will present in this paragraph  
the radiation patterns for some other cases which are of  
practical interest. 

We first give the patterns of a model with simple  
slabs covered by air. Fig. 1(b) shows the geometry of the  
one slab model. The line source is at a distance h above  
the slab. (This h is not the parameter h in the theoretical  
formulation above). 

 
 

 
(a) 

 

 
(b) 

 
Fig.  2. Radiation patterns of a line source above  a  slab  

with  d=0.5λ,  n=8  at (a)  h=0.05λ  (b) h=5λ.. 
 
 
The radiation patterns of Fig. (2) correspond to the  

simple configuration of Fig. 1(b) with n01 = n02 = 1, n = 8,  
d = 0.5λ, h = 0.05λ (Fig.  2(a)) and h = 5λ (Fig.  2(b)). In  
the case of Fig. 2(a) we see, that the reflection and  
refraction effects inside the dielectric slab are not strong  
and we have two comparable lobes in both sides of the  
dielectric, with the main lobe being located at the side of  
the dielectric slab. In the case of Fig. 2(b), the reflection  
and refraction effects are strong, which result to this  
peculiar pattern with a lot of secondary lobes at the side  
of the slab. 
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(a) 

 
(b) 

Fig.  3. Radiation  patterns  of  a  line  source  above  a  slab  
with  (a)  d=0.1λ,  n=8     (b)  d=10λ,  n=8 

  
The radiation patterns of Fig. 3 correspond to  another 

simple case, where we have one line source  mounted on a 
single slab and the unbounded space being  air. Fig. 3(a) 
gives the case with the slab having n=8 and  d=0.1λ. The 
main lobe is located at the side of the  substrate with n=8. 

In Fig. 3(b) we increased d from 0.1λ  to 10λ, keeping all 
the other parameters of the  configuration invariant. One 
can see, that the radiation  pattern presents an interesting 
symmetry with strong the  effect of reflection and 
refraction inside the dielectric  slab. 

If the dielectric is considered lossy (e.g. n=8-j0.05),  
the characteristics of the pattern are different at all for  the 
case of d=10λ, while for d=0.1λ the lossy dielectric  
doesn’ t appear any important influence. (The patterns  are 
not shown here). 

A model with air caged between four dielectric slab  
configuration (Fig. 4(a)) is a case similar to that already  
studied with two instead of four slabs. Comparing our  
results with these of [9] we conclude that we have similar  
radiation patterns. These patterns are symmetric due to  
the symmetry of the geometry and the number of main  
lobes increases with the thickness of the air layer. Fig.  
4(b) gives the pattern for a case of four slabs  
corresponding with the geometry of Fig. 4(a). 

Considering lossy instead of ideal dielectrics, we saw  
that the radiation patterns for the configuration of Fig.  
4(a) don’ t have any significant difference, except that  the 
secondary lobes disappear. 

A six dielectric slab model with one or more line  
sources gives radiation patterns depending on the  
refraction index profile. A rule for the form and the  
maxima of the radiation patterns can not be extracted.   

 
n02 
n4     d4 
 
n3     d3 
 
 Line  Source 
 
n=1   * h 
 
 
n2     d2 
 
n1     d1 
n01    
      (a) 

  

 
 

(b) 
 

Fig.  4. (a) Air caged between four dielectric slabs model. (b) Radiation pattern of a line source lying into the above (a)  model 
with h=1λ, d1 = d2 = d3 = d4 = 0.25λ, n1 = n4 = 8, n2 = n3 = 4. 

 

 
(a)                                        (b) 

Fig. 5. Radiation patterns of line sources lying into a  six 
slabs model with n01=n02=1, di=0.1λ,  ni+1 = ni  - 0.5  
(i=1,2,...,5).   (a)  One  source  at  interface  2,  n1=4, (b)   
                 Two sources at interfaces 4 and 6, n1=4. 

Figs. 5(a) and (b) give the patterns for one and two  
line sources with n1 = 4  and ni+1 = ni - 0.5, i = 1, . . . . , 5  
and n01 = n02 = 1. Both patterns show the maximum at  the 
side of smaller ni. In the same model, if we start from  n1 = 
7.5 keeping the same rule for the index of the other  slabs, 
we finally receive patterns (not shown here) with  maxima 
at the opposite side of the previous case. 

The above two profiles can be studied also for n01 = 
n02 = 8. In this case the main lobe appears at the side  
which is near to the line source. Figs. 6(a) and (b) give  
the radiation patterns for the geometries corresponding to  
Figs. 5(a) and (b). 
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                 (a)                                    (b) 

 
Fig.  6. Radiation patterns in correspondence with those of  

Fig.  5, but with n01=n02=8. 
 
 
 

Another interesting model is that of Fig. 7(a), where  
we have a parabolic profile in the refraction index. For  n01 
= n02 = 1 we present two cases. The first has n = 3  and 
seven line sources and the other n = 9 and one line  source. 
Fig. 7(b) for di = 0.05λ and seven sources shows a  
symmetric pattern, which is similar to that of an array  
with line sources in distances in the free space more than  
λ/2. It is evident that our model gives the same results  
with the array in very small size. For one line source the  
pattern gives one lobe at the side of the source. Fig. 7(c)  
shows such a pattern, where the non - symmetric  
behaviour is evidenced. 

 
   n02 

         7 

   n6 = n     d6 
         6 

   n5 = n     d5 
         5 
   n4=n     d4 
         4 
   n3=n     d3   

         3  

   n2 = n     d2 
         2 

   n1 = n     d1 
         1 
   n01 

(a)  

 
                                 (b) 

 
(c) 

Fig.  7. (a) A  model with parabolic profile in refraction indices.(b)Radiation pattern of seven sources lying into the model  (a), 
one at every interface, n=3, di=0.05λ, with n01=n02=1. (c)  Radiation  pattern  of  one source at interface 1 of  model (a), n=9,  
                                                                                di=0.1λ, with  n01=n02=1. 
 

 
(a)  

(b) 
Fig.  8. Radiation patterns in correspondence with  those 

of Fig. 7, but with n01=n02=8. 
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The radiation patterns for the above two cases but  
with n01 = n02 = 8 are shown in Figs. 8(a) and (b)  
respectively. Comparing these Figures with Figs. 7(b) and  
(c) we conclude that the unbounded space plays an  
important role.   

 

 
(a) 

 

 
(b) 

Fig.  9.Radiation patterns in correspondence with those  
of Figs.7 and 8, but with n01=8, n02=1. 

 
This is more clear for n01 = 8 and n02 = 1, where it is  

expected to have the main lobe at the side of n01. Figs. 9(a) 
and (b) give two patterns with the above behaviour. 

 

 
(a) 

 

 
(b) 

 
Fig.10.Radiation patterns of one line source lying into  a 
six slabs model at the 7th interface, with n01=n02=1 and 

(a) ni+1=ni+2 (i=1,2,..,5, n1=2),nidi=0.05 
(b) ni+1=ni -2 (i=1,2,..,5, n1=12), nidi=0.1 

 

If we select a model with slabs of equal optical   
thickness (nidi = constant) for two different combinations  
of the refraction indices we have the patterns given in 
Figs. 10(a) and (b). The difference in the patterns shows  
that the optical length is one of the main characteristics  of 
the medium. 

 
Fig.11. Radiation patterns of one source being located  

on a slab with n=10 and d varying from 0.5 λ up to 25 λ. 
 

A last example studied by means of the above  
described method is that of Fig. 11. It is a very simple  
case, consisting of one dielectric slab with n=10, having  
air in both sides and one source being located on the top  
of the slab. The slab’ s thickness varies from 0.5λ up to  
25λ. The plot of Fig. 11 shows the evolution of the  
radiation pattern with increasing d. We see, that increase  
of d causes more and more secondary lobes, tending to  
disappear the nature of the main lobes. 

All the examples given above could also be studied - 
theoretically - by the help of ray optical technique. This  
technique needs more complex description because of    
the multiple reflection and refraction through many slabs  
and it is almost impossible to be applied for a multislab  
medium. From the above given diagrams we understand  
that it is possible to achieve radiation patterns produced  
from one single line source similar to those taken by  
complex antenna arrays. 

 
3. Conclusions 
 
In this work the radiation patterns of one or more  line 

sources lying on the interfaces of a multilayered  medium 
are presented. The patterns are given by a  numerical 
procedure, where the Stationary Phase Method  is applied. 

For the simple cases of one, two, three and four  
substrates our patterns were compared with those taken  
by analytical methods ([7] – [9]). Due to the degree of  
freedom in the choice of the profile of the medium and  
the position of the line sources, we were able to have  
more complex radiation patterns. The symmetry or non - 
symmetry in the profile produces the corresponding  
geometries in the radiation patterns. 

The patterns have maxima and nulls in specific  
directions, which can be controlled by combining the  
characteristics of the model. The directional properties  
and the convenience to change the behaviour of the  
systems allows us to use them in remote sensing as well  
as in complex receiving systems. 



 
5. Appendix 
 
In this Appendix we give the form of the linear system for the derivation of the coefficients ao and bo in equs. (10) and (11). This system corresponds to a six slab model,  

but it can be easily generalized for more  slabs. 

 

A1,1ao  +A1,3a1 +A1,4b1           =0 

  A2,3a1 +A2,4b1 +A2.5a2 +A2,6b2         =0 

    A3,5a2 +A3,6b2 +A3,7a3 +A3,8b3       =0 

      A4,7a3 +A4,8b3 +A4,9a4 +A4,10b4     =0 

        A5,9a4 +A5,10b4 +A5,11a5 +A5,12b5   =0 

          A6,11a5 +A6,12b5 +A6,13a6 +A6,14b6 =0 

 A7,2bo           +A7,13a6 +A7,14b6 =0 

A8,1ao  +A8,3a1 +A8,4b1           =I1 

  A9,3a1 +A9,4b1 +A9,5a2 +A9,6b2         =I2 

    A10,5a2 +A10,6b2 +A10,7a3 +A10,8b3       =I3 

      A11,7a3 +A11,8b3 +A11,9a4 +A11,10b4     =I4 

        A12,9a4 +A12,10b4 +A12,11a5 +A12,12b5   =I5 

          A13,11a5 +A13,12b5 +A13,13a6 +A13,14b6 =I6 

 A14,2bo           +A14,13a6 +A14,14b6 =I7 
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