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Enhancement of resolution imaging of a flat graded
photonic crystal lens using negative refractive index
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The study reported in this article examine the negative refraction of the electromagnetic wave in two-dimensional (2D)
triangular lattices graded photonic crystal (GPC) with elliptical cross-section rods (ECSRs). The graded photonic crystal will
be obtained by varying the major and minor half axis of the ECSRs in each row. Further, a good quality image, with a
relative refractive index of -1, has been observed in this system for transverse electric (TE) polarization. The result suggests
that the super-resolution imaging of the point source can be realized by the designed GPC in the second band. Finally, the

resolution of the image is compared in different ECSRs elongations and different frequencies in this GPC.

(Received June 2, 2021; accepted November 24, 2021)

Keywords: Graded photonic crystal, Negative effective refractive index, Superlens, Band structures, Equifrequency contours,

Finite difference time domain method

1. Introduction

In 1986, negative index materials were predicated
with  simultaneously ~ negative  permittivity  and
permeability [1-4]. Structures with negative index of
refraction form are left-handed set of vectors and called
left-hand materials [5-10]. Dielectric photonic crystals
(PCs) can also have negative refraction. PCs are periodic
dielectric structures with their spatial periodicity on the
light wavelength scale [10-21]. In recent years, Centeno et
al. examined a type of PC named graded-index (GRIN)
[22-23]. Gradual variation of PC parameters, such as the
filling factor, radii of the rods, the refractive index, or the
lattice constant can be created by graded photonic crystals
(GPCs) [24-26]. Generally, it is difficult to describe the
propagation behavior of electromagnetic waves in the PC.
The well-known method toward the exploration of
negative refraction of PC starts from the analysis of the
photonic band structures and equifrequency contours
(EFCs) [27-28]. Investigating the shape of equifrequency
contours can determine the relationship between group

velocityvg and the wave vector K because according to

the relationv, =V, a(k), the vector s

perpendicular to the equifrequency contours [29-34]. The
PC can be considered as homogeneous isotropic medium if
the shape of the equifrequency contours is close to a circle
[35-36]. On the other hand, the PC with the effective

negative index of ng =-1 is similar to the isotropic

homogeneous medium with the refractive index of n=—-1.
Recent research studies have indicated that negative
refraction can also result from 2D PCs but most of these
PCs have circular cross section elements and rarely
elliptical elements [30, 33-35], and for elliptical elements,
the impact of ellipse changes on imaging resolution has
not been studied [30].

wave

The current paper analyzes negative refraction (where
the ideal effective index of refraction isn, =—1) on the

interface of a 2D hexagonal lattice GPC with ECSR
elements. Next, the resolution of imaging is explored by
changing the elongation of the elements to design super
lens. The plane wave expansion (PWE) method and finite
difference time domain (FDTD) method has been applied
for the valuable study of the light propagation properties
of the band structure and the EFSs in this GPC. Finally,
we compare circular cross section with elliptical and by
examining the full width at half-maximum at different
elongations of the elliptical elements, we show that the
elliptical elements cross section has a higher image
resolution. And, we show that at the same elongation, the
lower frequency of the band has a higher image resolution.

2. Theory of the graded photonic band-gap

For photonic crystals the master equation can be
shown as follows:

1

Vix(—
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This equation is created by solving Maxwell’s
equations for the magnetic field [15, 37]. Where

C=]/1/golu0 is the speed of light in vacuum, @is the

angular frequency of light and&(r) =&(F +R) is
position dependent dielectric function which is periodic in
terms of the lattice vector R [38-39]. For 2D photonic
crystals, the band diagrams can be obtained for the two

polarizations, namely, transverse electric (TE) polarization
and transverse magnetic (TM) polarization. Allowed and
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forbidden frequencies can be estimated for a certain wave
vector concerning the master equation for all directions.

The relation between@ andk is called the dispersion
relation and defines the band structure of the crystal. Since
it defines the group velocity as a gradient of the optical

frequency in respect to IZ :
Ve =V, (@) ¥

Its value is given by the slope of the dispersion curve
and its direction is always perpendicular to Iso-frequency
contour (IFC). (w(k) = const) [40].

Consequently, engineering the IFC allows controlling

the direction of the wave vector K .

Then, we calculate the group index from the slop
information of each band of IFC.

The group index can be calculated from the below
relation.

N, =— 3)

: OO0O

It is depending on whether K is parallel or anti-
parallel to group velocity. Many numerical methods can
estimate dispersion relations by calculating the master
equation. Among them, Finite Difference Time Domain
(FDTD) method and the Plane Wave Expansion (PWE)
method employed to extract the dispersion properties
[41,42].

3. Design and analysis

In the present study, a 2D triangular lattice GPC slab
consisting of ECSRs immersed in air with the permittivity
equal to (& =12). The geometry of the GPC is displayed
in Fig. 1 (a). Additionally, the GPC is obtained by varying
the major and minor half axis of the ECSRs in each row.
Let the major and minor radii of the ECSR shown in Fig. 1
(b) be R andr, respectively. It is noteworthy that the
values of R and I are identical in each row. The major
radius (R) modified from the center of GPC toward the
surface as 0.45, 0.42, 0.38, 0.35 and the elongation of

Fig. 1. (a) A schematic of the GPC with ECSRs that in X-Z plane, (b) schematic elongation of elliptical (e = r/ R) that
created by the major(R) and minor(r) radii

The plane-wave expansion method has been used to
determine the band structures and EFCs. Fig. 2 depicts the
band structure of 2D GPC of hexagonal lattice for the
transverse electric (TE) polarization and the light line
shifted to point is shown in green.

ECSRs in the GPC structure is equal to 1.1,
(e=r/R=1.1)
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Fig. 2. Band structures of 2D GPC made of ECSRs (£ =12 )
arranged a hexagonal lattice embedded in vacuum (color online)
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The group velocity of the transmitted electromagnetic
waves can be calculated from the EFCs. The TE polarized
EFCs of the second band of GPC have been plotted in Fig.
3. Apparently, the directions of the wave vector and group
velocity are opposite, this implies that the effective index
is negative. Since the EFCs are almost circular, the GPC
structure can be regarded as a homogeneous medium.

Thereby, the effective index N can be obtained from the

ratio of the EFC radius to the relation of dispersion of the
vacuum, which is generally called the light cone [36].

TE equifrequency plot forband 2 (e=1.1) Contours: ma/2rc=al).

3] 0.2605 ——
] 0.2681 - — —
3 0.2757
2] 02833 — —
] 0.2909
] 0.2984
14 0.306 ——
1 0.3136 ------
1 0.3212
a) S [ 2 0.3287 —-—
- 0.3363 —--—
14
2
-3 —
ks T T T T T T T T
4 3 2 1 0 1 2 3 4
kx
TE equifrequency plot for band 2 (e=1) Contours: ®wa/2rc=a/i
] ~=r7n
5] | 0.2734 ——
] 3 ~s =~ p 0.2795
7 0.2856
2 / \ 0.2917
il 0.2979 — —
, 3 24,7 AN 0.304
B Opie. s e 0.3101
q = I NN N 0.3162 -~~~
] / 0.3224
b) 0 ,\ Q 5. 0.3285
3 ; 0.3346 —--—
4 o \ . = / o~ o e
P ey e Po 0.3407
] Vel et G i iy
24 /
a / - X
3 X 2= -
] M=
T T T I & L& F % § T T
4 3 2 1 0 1 2 3 4
TE equifrequency plot for band 2 (o S
] ARG 02757
37 S 0.2822
3 0.2887
2] P 0.2952
E / - \ 03017 — —
] i \ 0.3082
19 §% i W 0.3147
S I / ) 0.3212 ------
] ; f \ v 0.3277
c) »oder . it Q i W %] o332
4 N 0.3407 —--—
] S 03472 ——
2
-3 —: ’“\‘ SO N
~ R | —

Fig. 3. The TE polarized EFCs of the second band of GPC,
frequency values are in units of ( 27rc/a) (a) e=1.1,
(b) e=1, (c) e=0.9 (color online)

As can be inferred From Figs. 2 and 3, the frequency
®=0.306(27zc/a), the radius of GPC contour is equal
to the radius of the air contour and so the effective
negative index is Ner =1 .

On the other hand, according to equation (3), the
effective refractive index diagram for the second TE band
shows in Fig. 4. It can be deduced that when frequency is
higher than ©=0.306(2zc/a), n,, >-1 for frequency

lower than =0.306(2zc/a) , n, <-1 -
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Fig. 4. Effective indexes vs. frequencies for TE polarization,
the position of relative refractive index of -1 is marked
by the dotted line (color online)

In the next chapter, we will focus on the negative
refractive index of -1 to demonstrate that the superlens
effect occurs in this GPC slab system.

4. Negative refraction and superlens effect in
the designed GPC

It is obvious from the EFC contours (Fig. 3) that the
group velocities (Vg ) are opposite to the phase velocity.

This is evidence that the transmitting feature of the wave
in the second band of GPC structure has the left-hand
behavior. Fig. 5 reveals the electric field intensities of the
Gaussian beam passing through the GPC. The outgoing
beam has the same propagation direction as the incoming
beam but with a negative transverse shift. We have used
the GPC with a negative refraction index in which has
included 7 rows in the Z direction and 40 columns in the
X-direction. In our calculations, the width of the sample is
large enough to prevent the effects of edge diffraction.
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Fig. 5. Simulation of negative refraction. The frequency of the
incident electromagnetic wave beam is » = 0.306(27z¢c /a)

(color online)

The most important and significant application of
GPC with the effective refractive index of -1 is perfect
superlens imaging [42-44]. A superlens can fixate a point
source on one dimension of the lens into a real point image
on the other dimention. In order to show the desighed GPC
as a superlens in the previous chapter, the finite difference
time domain (FDTD) method employed, incorporating the
perfectly matched layer (PML) boundary conditions to
visualize the propagation of the TE polarized
electromagnetic wave through the proposed GPC structure
[45]. In this regard, a continuous wave point source with
®=0.306(2zc/a) frequency has been put, which is

corresponded to the case with the relative refractive index
of -1. Many recent works of GPC imaging have revealed
that the sum of source distance and image distance is equal
to the thickness of the GPC slab. Then, the thickness of the
PC slab should be chosen carefully to maximize
transmission for all incident angles [46-47]. The high-
quality image occurs when the source distance from the
center of the slab is equal to the thickness of the slab (d)
and should observe the image at the symmetric position on
the opposite side of the slab. (Fig. 6) The distance between
source and image is 2d, where d is the thickness of the
slab, [41]. Thus, if the point source is closer to the GPC,
its image will be farther away and conversely.

Z (um)

20 -10 0 10 20 -1
X (um)
Fig. 6. The electric field distribution of the point source and
its image across the GPC flat lens at the frequency
®=0.306(27c/a) for the TE wave (color online)

5. Comparison of image resolution in the
designed GPC at different elongation

One of the most important images quality parameters
is image resolution. There are several criteria for
evaluating image quality. Many authors have employed
the Full-wWidth Half Maximum (FWHM) to measure the
image resolution because it is easy to get the FWHM of
the image intensity [42,48]. Hence, we use the FWHM to
analyze the image with designed GPC to explore this
issue, the electric field intensity distributions across the
image plane for the GPC with e =1.1, e =1 and €=0.9
are shown in Fig. 7 and Fig. 8. A continuous-wave point
source with frequency »=0.306(2zc/a) is placed at a

distance 0.6a , from the left surface of the GPC slab. As
shown in Fig. 7, the FWHM for e=11 is about
A=0.4714, and it increases for e =1, (A=0.504) and

e=0.9,(A=0.527). Consequently, the spatial resolution
of the designed GPC slab with e =1.1 is better than that
of the GPC slab withe =1 ande =0.9.
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Fig. 7. The field distribution for different elongations of
structure, the elongation isequalto e=1.1,e=1,e=0.9in

(a), (b) and (c), respectively (color online)
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Fig. 8. The distribution of the electric field intensity at the
image place for different elongations (color online)

6. Comparison of image resolution at
different frequencies in the designed GPC

In this chapter, the image resolution has been
analyzed by changing frequencies in the designed GPC
withe=1.1.

The FWHM for this GPC has been calculated, in
which  frequencies o =0.301(2zc/a) @=0.306(27zc/a) »

®=0.309(27c/a). The FWHM values calculate for the

three frequencies are respectively equal to A=0.447 1,
A=04711and A=0.4961 .
The frequency w=0.301(27zC/a) reveals the lowest

FWHM, which indicates a higher image resolution
(Fig. 9).
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Fig. 9. The distribution of the electric field intensity at the
image place for different frequencies (color online)

7. Conclusions

Based on the band structure analysis, we examined
left-hand behavior in a 2D triangular lattice photonic
crystal slab consisting of ECSRs immersed in air.
Furthermore, we have also shown the relative refractive
index of -1 for Gaussian beam incidence. In this system,
an image with a remarkable quality was observed. These

features are close to the ideal system that can serve as a
perfect superlens. Then, we studied the resolution of the
image by changing the elongation of the elements. The
analysis of the FWHM resolution indicated that for
e=1.1 the imaging quality is better than the other
elongations. This structure 5.8 % is better than circular
ones. And at the same elongation, the GPC with frequency

®=0.301(2zc/a) had a higher image resolution. It is
shown that this frequency 10.6% is better than the others.
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