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1. Introduction

Optical solitons is a very prominent research focus
in the field of nonlinear fiber optics. There are a few
models that describe this dynamics. The most popular
one that is very commonly visible is nonlinear
Schrédinger's equation (NLSE). There are several other
models that describe the dynamics of optical solitons. A
few of them are Schdédinger-Hirota equation, Biswas-
Milovic equation and others. This paper studies another
model that is frequently visible. This is the Kundu-
Eckhaus (KE) equation that falls in the class of NLSE
and describes the propagation of waves in a dispersive
medium. This paper will obtain dark and singular soliton
solutions to KE equation. The integration tool that will
be implemented in this paper is the ansatz scheme.
These soliton solutions will be derived along with their
constraint conditions, that guarantee the existence of
these solitons, will also be given.

2. Overview of the method

In this work, the KE equation to be considered is
given by

id, +ag,,+bla a-+c(|g*) a=0 )

In (1), the two independent variables are x and t that
represent spatial and temporal variables respectively.
The dependent variable q(x,t) is the soliton pulse profile.

The first term in equation (1) take care of the evolution of
the nonlinear wave, while the real-valued constants a, b and
c represents group velocity dispersion (GVD), quintic
nonlinearity, and nonlinear dispersion respectively.

As mentioned that (1) falls in the category of NLSE.
However, NLSE is commonly studied with Kerr law
nonlinearity or other forms nonlinearity such as power law,
parabolic law, dual-power law and log law. It is pointed out
earlier that NLSE with quintic nonlinearity leads to self-
focusing singularity [1]. Therefore, bright solitons do not
exist in this case. In fact this discussion was carried out in
the context of power law nonlinearity when the power law
nonlinearity parameter is such that NLSE condenses to
quintic nonlinearity. These discussions are detailed during
2008 [1]. Hence, this paper stays focused with the derivation
of dark and singular solitons for KE.

3. Soliton solutions

This section will focus on the derivation of dark and
singular soliton solutions to KE. A proper ansatz or guess
will be selected that will be substituted in KE equation
which will lead to appropriate parameter connections and
dynamics. Furthermore, balancing principle will lead to the
value of the unknown exponent. This will lead to a complete
final picture of the soliton solutions. This study will be split
into two subsections that discuss the two forms of solitons.

3.1 Dark solutions

For dark solitons, the starting ansatz is [8]
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q(x,t)=(A+Btanhz)" e 2)

where
7 = u(x—vt) 3)
¢ =—kX+ot+0 4)

In (2)-(4) A and B are free parameters to be
determined, while 4, v, ¥ and w are, respectively,

slope of the connector between the two stable states of
the soliton solution, soliton speed, frequency and wave
number of the soliton. Also, & represents the phase
constant of the soliton. The exponent p is also unknown
and it will be determined in the next few lines.

By substituting (2) into (1) and splitting into real
and imaginary parts one obtains for the imaginary
portion

1p(v+2ax){(A’ —-B?)[A+Btanhz]**

(%)
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and for the real part one gets
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From equation (5), one clearly sees that the soliton
speed is determined by

vV =—-2akx @)

By equating the exponents of [A+ Btanhz]""* and
[A+Btanhz]*" in (6) one get

p=1 ®)

2
It is worth to mention that the same value of p can be
retrieve from the coefficient of [A+ Btanhz]"™. Notice
also that from coefficients of the stand-alone elements
[A+Btanhz]"?and [A+Btanhz]**™* it is possible to

write
A=1B 9)

For the other parameters it is needed to collect the
coefficients of the functions of the same exponents from
[A+Btanhz]™" for r =1, 3, 5and j = 0, 1, 2 in equation (6),
respectively, where each has to vanish. In fact, one obtain
the following system of algebraic equations

[—(w+ax?)+au’]A> =0 (10)
2u(cA—au)A=0 (11)
3ag? +4bA° —4cpA=0 12)

whose solution is given by

o=a(y’ —«%) (13)
u=2 (14)

a
c? =4ab (15)

where the last identity (15) was obtained after inserting (9)
and (14) into (12). Equation (14) implies the condition

a0 (16)

which serves as a constraint for existence of these solitons.
An additional constraint condition for the existence of these
solitons is given by (15) that connect the coefficients of
GVD, nonlinearity and dispersion.

Thus, dark soliton solution for the KE equation (1) is given
by

a(x,t) = \/ A1+ tanh{u(x —vt)}e' D (17)

where the free parameters are related by (9), the parameter
M s given in (14), while the soliton wavenumber in (13).
The soliton speed was retrieved from the imaginary part,

leading to (7). Notice that all the coefficients of the source
equation (1) have to follow the condition (15).

3.2 Singular solutions

To extract singular solitons from the KE equation (1),
the starting ansatz is

q(x,t)=(A+Bcoth )’ e (18)

Where 7 is as in defined in (3). Once again, A and B are
free parameters. The remaining parameters have the same
meaning as in the previous section. By substituting the
ansatz (18) into (1) and splitting into the real and imaginary
parts one can retrieve from the imaginary portion the same
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expression for the soliton speed as in (7). For the real
part one arrives at
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Balancing principle allows one to retrieve not only the
same value of p as in (8), but also the relation (9). Thus,
results (10)-(15) follow. Finally, the singular soliton
solution for (1), following the ansatz approach, is given

by

q(xt) = \/ AL+ coth{u(x—Vt)}e' ™ (20)

where the free parameters A and B are related by (9), the
free parameter ¢ is given by (14), while the soliton

wavenumber in (13). The soliton speed falls out from the
imaginary part and is given by (7).

The coefficients of KE equation (1) must follow the
condition (15) in order for the solitons to exist.

4. Conclusions

This paper retrieved dark and singular soliton
solutions to KE model that governs the dynamics of
dispersive waves. The quintic nonlinearity does not
permit the existence of bright solitons because self-
focusing singularity comes into play. The results of this
paper form a pillar of strength for additional novel future
work. Later, the focus will be geared towards the
inclusion of spatio-temporal dispersion. Additionally,
time-dependent  coefficients will be considered.
Moreover, there will be perturbation terms that will be
taken into account. This will lead to an extended version
of the equation who’s dark and singular soliton solutions
will also be retrieved. The result of those researches will
be reported soon.

Acknowledgements

This research is funded by Qatar National Research
Fund (QNRF) under the grant number NPRP 6-021-1-005.
The third, fifth and sixth authors (DM, AB & MB)
thankfully acknowledge this support from QNRF.

The third author (DM) research is also supported by the
following grants: Ministry of Education, Science, and
Technological Development of Republic of Serbia [llI

45010, 111 44006, TR-32051].
The authors also declare there is no conflict of interest.

References

[1] R. Kohl, A. Biswas, D. Milovic, E. Zerrad, Optics
and Laser technology, 40(94), 647 (2008).

[2] S. De Lillo, G. Sanchini, Mathematical and Computer
Modelling, 50, 255 (2005).

[3] I. Mercader, A. Alonso, O. Batiste, European Physical
Journal E, 15, 311 (2014).

[4] M. Mirzazadeh, S. Khaleghizadeh, Acta Universitatis
Apulensis, 33, 109 (2013).

[5] N. Taghizadeh, M. Mirzazadeh, F. Tascan, Applied
Mathematics Letters, 25, 798 (2012).

[6] N. Taghizadeh, A. Neirameh, S. Shokooh, Trends in
Applied Science Research, 7(6), 476 (2012).

[7] N. Taghizadeh, M. Mirzazadeh, M. Eslami, M. Moradi,
Computational Methods for Differential Equations,
2(1), 11 (2014).

[8] H. Triki, A. Biswas, Mathematical Methods in Applied
Sciences, 34(8), 958 (2011).

[9] X. Wang, B. Yang, Y. Chen, Y. Yang, Physica Scripta,
89, 095210 (2014).

[10] H. Zhang, Communications in Nonlinear Science and
Numerical Simulations, 14(98), 3220 (2009).

“Corresponding author: biswas.anjan@gmail.com



