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Cubic—quartic optical solitons in fiber Bragg gratings
with Fokas—Lenells equation and two algorithms
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This paper presents cubic—quartic optical soliton solutions that come from Fokas—Lenells equation having dispersive
reflectivity. Two integration algorithms granted success with this retrieval. They are G'/G—expansion and the extended
simplest equation schemes. These expose the bright and singular soliton solutions to the model along with their existence

criterion.
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1. Introduction

One of the most innovative ways to supplement the
depletion of chromatic dispersion (CD) is to replenish
with third—order dispersion (30D) and fourth—order
dispersion (40D) effects which are collectively known
to yield cubic—quartic (CQ) solitons [1-35]. The second
procedure, to compromise for this low count of CD, is to
introduce Bragg gratings [5-9, 22, 25] which is an
engineering marvel, that has been implemented to a wide
variety of models in optical engineering, which come
from the nonlinear Schrddinger’s equation (NLSE). The
current paper is a combination of both of these
technological splendors applied to an optical fiber with
Fokas—Lenells equation (FLE) [1-4, 10-16, 20, 21, 23,
24, 26] as its platform as opposed to NLSE as its
governing model. Thus, FLE will be addressed with
Bragg gratings for the first time in this paper with CQ
solitons.

Two integration architectures will be implemented
to catch out the soliton solutions from the model. They
are G'/G—expansion and the extended simplest methods.
These couple of schemes would lead to a spectrum of

CQ soliton solutions that are enumerated in the work. The
parametric restrictions for the existence of such solitons are
also enlisted along with these solutions. The details of the
two mathematical approaches along with the solution
extraction methodologies are exhibited in the rest of the

paper.
1.1. Governing model

The cubic-quartic perturbed Fokas-Lenells equation in
polarization preserving fibers is written as [27]

Uy + [QUgy + DUyrrr + )% (cu + iduy,)
= i[aux + A(lulzu)x + M(lulz)xu]v (1)

where a, b, c, d, a, A and u are real-valued constants. a and
b are the coefficients of 30D and 40D sequentially and
i=+—1. u(x,t) is a complex-valued function which
denotes the wave profile. d, c, a, u and A are the coefficients
of nonlinear dispersion, Kerr law nonlinearity, inter—-modal
dispersion, higher—order dispersion and self-steepening,
sequentially.
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FLE as given by (1), with Bragg gratings gets
restructured as

iqt + ialrxxx + blrxxxx
+(c1lql? + dylr1?)(erq + ifi1qx)
+qr*(yar + imn) + iay gy + Bir + 014717

_ [ AalP@. + (g
=i , S )
+u(1q19)xq + 0:(I71*)xq

and

irt + iaZQXxx + bZ Qxxxx
‘|'(C2|7“|2 + d2|Q|2)(327’ +ifor)
+1q"(V2q + in2q,) + iayn, + Boq + 0217 q?

_ [ A2, + vy (g1,
— ! x| 3)
(17127 + 6, (g 1)

where a;, bj, ¢;, d;, e;, fj, n;, v;, Bj» j, 4}, 0j, vj, u; and
6; for (j = 1,2) are real-valued constants. q(x,t) and
r(x,t) are complex—valued functions which signify the
wave profiles. ¢; coupled with e; are the self-phase
modulation. a; and b; represent the coefficients of 30D
and 40D, respectively. f; represent nonlinear dispersion.
d; coupled with e; are the cross—phase modulation. Also,
a; are the inter-modal dispersions, fB; represent the
difference between the propagation constants, o; are
from four-wave mixing, v; and A; are self-steepening
effects. Then, u; are from self—frequency shift and 6; are
nonlinear dispersive reflectivity.

2. Mathematical set—-up

In this section, the kick off is with the solutions
hypothesis structure

q(x,t) = Py(Oexpliy(x, 0],
(4)
r(x,t) = P(§explih(x, )],

and
Y, t)=—kx+wt+6, &E=x-Vt, (5

where x, w, 6, and V are real constants, in which x is
the frequency, w is the wave number, 6, is the phase
parameter, while V is the velocity. Next, the real
functions P, (&), P,(¢) and ¥(x,t) depict respectively
the amplitude and phase components of the wave profile.

Inserting (4) and (5) into (2) and (3), the real parts are
b, P + 3i(a, — 2b,K)P,"
+[dy(ey + fik) +v1 + ik + 0y — VK] P PF
+[ci(ey + fik) — L, k1PE + (By + bik* — a;k®)P,

+(ka; — w)P; =0, (6)

b, P + 3 (a, — 2b,1)P,”
+lda(ez + for) + ¥z + 2k + 03 — VK] P, PP
+lcy(ez + f2K) — A.k]P3 + (B2 + bo* — az®)Py
+(xa, — w)P, =0, @
while the imaginary parts are
(a; — 4bk)P)" + (ficy, — 34, — 2u4)PEP]
+(y — 2v; — 26)P PP, + (d1fy — v)P; Py
+(a, — V)P] + k*(4b;k — 3a,)P; = 0, (8)
(az — 4by1)P" + (fcz — 32, — 211,) P3P,
+(n, — 2v, — 26,)P,P, P + (d,f, — v,)PEP;
+(a; — V)Py + k?(4byic — 3a,)P] = 0. 9
Set
Py(8) = AP,(8), A# 0, A# 1. (10)
Thus, the real parts change to
blAP1(4) + 3kA(a; — 2b1K)P1”
+[A(B; + bik* — a;k3) + ka, — w]P;
A%d; (e, + fiK)
+|4+4%(y, + mx+ 0 —vk)|[PE =0,  (11)
+ci(ey + fik) — L1k
and
b, P + 3k(a, — 2b,K)P,"
+[By + bok* — ayk® + A(ka, — w)]Py
d,(e; + foK)

+A| +(y, + 16 + 0, — U,K)
+A%¢c,(e; + frK) — A% A1k

P =0, (12)

while the imaginary parts become
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A(a1 - 4b1K)P{”
+[a; =V + Ax?(4b,x — 3a,)]P]
fici =34 — 21y

+ [+A4%(n, — 2v, — 26, | PP} = 0,
+A%(dy f; — vq)

and
(a; — 4b,K)P;"
+[A(a, — V) + k%(4byk — 3a,)]P;
Az(fzcz =32, — 2u,)
+A +772_2U2_292 P12P1’=0.
+d,f; — v,
Integrating Egs. (13) and (14), one retrieves
A(a, — 4b k)P’
+[a; =V + Ax?(4b,x — 3a,)]P;
ficr =3, — 2p
+2[+420n, = 20, —260) | P =0,
+A%(dy fy — vy)
and

(ay — 4bx) Py’
+[A(ay, — V) + k2(4b,k — 3a,)]P;
Az(fzcz =31, — 2up)

+772_2U2_292 P13:0.
+dyf; — vz

+14
3

Egs. (15) and (16) give the frequency
K= 4a—b’l, l=1,2, a;b, = a,b,,
and the velocity
V =a; + Ax?(4b,x — 3a,),
AV = Aa, + k%(4b,k — 3ay),
by virtue of the constraint conditions
fici — 30, — 2u; + A%(n, — 2v, — 26,)
+A%(d,f, —vy) =0,
A?(fyey — 32, — 2up) + 1, — 2u, — 26,
+d,f; —v, = 0.

Egs. (11) and (12) are equivalent provided

bz = blA, (22)
A(a1 - 2b1K) =a; — 2b2K, (23)
ABy — a1k3 + bik*) t ka; —w
(13)
=B, — ak® + byr* + A(ka, — w), (24)
A%dy(ey + fiK) + A%(yy + 1k + 0y — V1K)
+Cl(61 + flK) - Alk
dy(e; + f2x)
=A| +(y, + 2k + 0, —V3K) |. (25)
(14) +A2C2 (ez + fzK) - Azl‘lzk
From (17), (22) and (24), one reveals the wave number
w = A[fl—[fz+4b1K4(1—A)+K(111—A112). (26)
1-4)
Eqg. (11) can be structured in the form
P™ 4+ 1,P + L,P, + L3P} = 0, 27)
(15) where
3kA(a; — 2b;k)
1 — bl—A, blA i O,
L= Ay + bik* — a;k®) + ko, — w
2T b, A ’
Ly = AZd1(91+f1K)+A2(Y1+T)1’;'1"Z1—U1K)+C1(€1+f1'€)—/11’€. (28)
(16)
3. G'/G-expansion
Eq. (27) permits the exact solution [28-31]
an

¢'® ¢'©)\?
PO =T+ (55)+m(55) , m=0, (29

(18) where 1, I1; and I1, are constants, while the function G (&)
satisfies the auxiliary equation

(19)

G"(§) + hiG'(§) + hG(E) =0, (30)
where h; and h, are constants and (G'/G) admits the
analytical solutions

0=l aso
o~ +Czsinh(%$\/Z)
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—Clsin(%fx/—_A)
6§ _-hi 1 —~ +C2cos(%f\/—_A)
G 2 + 2 A Clcos(%f\/—_A) » A<0, (32)
+Czsin(%§\/—_A)
') _ -hy Cz _
oo~ 2 Towge A70 33)

where A =h? —4h, and C; and C, are real-valued
constant parameters. Putting (29) together with (30) into
(27), one recovers

30 30 |Ly +20h,
H0=2h2 —E,H1=2 _L_3 T,
30 L1+20h
M, =2 /—g,hl = /—“5 2, hy =hy, (34)

and
4
L,=L,L,= EL%,L3 =L, (35)

provided L; + 20h, >0 and L; < 0. Now, Eq. (29)
becomes

_, [ [Lat20m, (€@ | (/@)
P =2 -3 [hz + [ (Ge)+ (Go) ] (36)

For L, > 0, Eq. (31) evolves as

312
q(x' t) - 10L3
_ 7 - 2+
C,sinh /ﬁ (x =Vt)
+¢,cosh| B (e - vo)]
,COS 20 (x
X|1— — =
L
C,cosh ﬁ (x—=Vt)
+C,sinh - h(x —-Vt)
2 20
X ei(—)cx+wt+60)’ (37)

and

oo 28
et = 10L,

24

. L
Clsmh[ ’ﬁ(x - Vt)]
+C,cosh - /—Ll (x— Vt)-
2 20

C,cosh [\/?—(1) (x — Vt)]

- .
ﬁ (x = Vt)

+C,sinh

X ei(—kx+wt+90). (38)

If C; =0 and C, # 0, then one retrieves the singular

solitons
312 L,
— h2| [—(x —
10L, csc 20 (x=Vt)

X ei(—xx+wt+60)' (39)

q(x,t) =

and

t)=A 3Ly h2 Ll( vt)
r(x,t) = 10L3CSC 20 x

X ei(—xx+wt+60)' (40)

while if C; #0 and C, =0, then we recover the bright

solitons
0= |——H gean?| [1 - ve)
= "10L, > | [20
X ei(—tcx+wt+90)’ (41)
and
(x,t) =A 3L h? Ll( Vo)
r(x,t) = 10L3sec 20 X
% ei(—xx+wt+90)_ (42)

The two cases where L, <0 and L, =0 are not
included, since they lead to periodic solutions and plane
waves. Figs. 1 and 2 represent the surface plots of bright
solitons (41) and (42). The selected parameter values are
k=1 a,=3, =1 A=2, 3, =1, n1 =1, 00 =1,
vu=1,¢=1¢=1f=1,d, =—-1and 1, = 3.

4. Extended simplest equation

Eq. (27) assumes the explicit solution [32-35]
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Pi&) =xot1xa (Z)((;)) + X2 [Z((g))]
3'(©
By [4»@) [ NG) ] [zp(s) (43)

where o, X1, X2, By and B; are constants, y2 + B? # 0,
and the function ¢ (&) presumes the auxiliary equation

¢"(§) +60(5) =, (44)

where § and v are constants. The cases where § > 0 and
6 =0 are ignored since these two situations yield
periodic solutions and plane waves both of which have
no place in optics. Therefore, looking at 6 < 0 yields
optical solitons.

Substituting (43) into (27) and use Eq. (44) together
with the relation

’ 2
(&) ~aGo) —o+im @

2
where A; = §(A? — A3) — =, while A4; and 4, are
constants, then one gets the results:

Result-1:
30 30
Xo=206 1 X1 =0,x2 _L_3'
30 30A
By=—v [-7,B = |- Lgl, (46)
and
Ly =56,L, = 462,L; = Ls, (47)
provided L; < 0 and A; > 0. Hence, we retrieve
0 30 [5—595(5)—11@2(5)
qx,t) = |—7
L3 |+/—64,0,(£)0,(8)
X ei(—)cx+wt+90)’ (48)
and
30[6 — 807 (8) —v0,(8)
r(x,t) =4 |[——
L3 |+/—64,0,(£)0,(8)
X ei(—)cx+wt+90)’ (49)
where

A;sinh[V=8(x — VD)]
(+A2cosh[\/—_6(x - Vt)]>

Alcosh[\/—_6(x — Vt)] '

<+Azsinh[\/—_5(x — Vt)] + %)

91(5) =

62(5) :( Alcosh[\/i_S(x—Vt)] ) (50)

+A25inh[\/—_5(x—Vt)]+%

Setting A, =0, A, # 0, v=0 in (48) and (49), the
combo singular solitons are indicated below

qix,t) =6 ’—i—ocsch[\/—_d(x — Vt)]
3

x {coth[V=&(x — Vt)] — csch[V=6(x — Vt)]}

X ei(—xx+wt+90)' (51)
and
30
r(x,t) = A8 ’—L—csch[v—é‘(x — Vt)]
3
X {coth[V=8(x — Vt)] — csch[V=5(x — Vt)[}
X ei(—tcx+wt+90)_ (52)
Result-2:

Lixo ++/—L;Ls

By = — 2o haks) 4, l2+2 (3

provided L,L; < 0 and A3

_ L, ) 2v
q(x,t) =|xo—| X0 + _E [P1(f)‘?ﬂ2(€)]

Xo=XoX1=0,x2 =

2
+ ;—2 > 0. Hence, we reveal

% ei(—xx+wt+90)’ (54)
and
L, ) 2v
rxx,t)=Alxo—|Xo+ [—7 [P1(f) ——=p2(8)
L, 5
X ei(—icx+wt+90)‘ (55)

where
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/A% + g—zsinh[\/—_&x - Vo)

+4, cosh[\/—_(S(x - Vt)]

/A% + Z—zcosh[\/—_é‘(x 43]

+A4,sinh[V=8(x — Vt)] +%

p1(§) =

1

p2(§) = = :
< A%+;—2cosh[\/—_5(x—vt)]>

+Azsinh[V=8 (x-Vt)|+3

(56)

When A, = 0, Egs. (54) and (55) simplify to the
bright solitons

[ L,

| Xo — Xo"'\/;
Q(x,t)=|

|

|
y (1 — 3sech[V=8(x — Vt)]>|
1+ sech[V=5(x — V)] /]

Fig. 2. A surface plot of a bright solitons (42)
(color online)

5. Conclusions

For the first time, CQ solitons in fiber Bragg gratings
are obtained with FLE as its platform than from the usual
NLSE. Two integration schemes have made this retrieval
possible that yielded a spectrum of such solitons. The
solitons appear with parameter restrictions that are listed as
] constraints. The possibilities are endless that would give way

| Xo— | Xot |—7 | to avenues to venture. The starting point would be to get the

r(x,t) = A| | conser\{ation laws in place which wou_ld alsp come with t_heir

1— 3sech[\/—_6(x _ Vt)] respective fluxes. Later, these CQ solitons in Bragg gratings

[x ( )J would be considered with additional laws of nonlinear

1+ sech[V=6(x — V)] refractive index that are now plentifully many. Thus, there is
work up ahead that will keep us occupied!

% ei(—xx+wt+90)’ (57)

and

[ L

X ei(—xx+wt+00). (58)
Disclosure

The authors claim that they have no conflicts of interest.

References

[1] K. S. Al-Ghafri, E. V. Krishnan, A. Biswas, Adv.
Differ. Equ. 2020, 191 (2020).

[2] S. Arshed, A. Biswas, Q. Zhou, S. P. Moshokoa, M.
Belic, Opt. Quantum. Electron. 50, 304 (2018).

[3] A. Bansal, A. H. Kara, A. Biswas, S. P. Moshokoa, M.
Belic, Chaos Solit. Fractals 114, 275 (2018).

[4] A. Bansal, A. H. Kara, A. Biswas, S. Khan, Q. Zhou, S.
P. Moshokoa, Chaos Solit. Fractals 120, 245 (2019).

Fig. 1. A surface plot of a bright solitons (41) [5] A. Biswas, J. Vega—Guzman, M. F. Mahmood, S. Khan,
(color online) Q. Zhou, S. P. Moshokoa, M. Belic, Optik 182, 119
(2019).

[6] A. Biswas, M. Ekici, A. Sonmezoglu, M. R. Belic,
Optik 182, 88 (2019).

[7] A. Biswas, M. Ekici, A. Sonmezoglu, M. R. Belic,
Optik 183, 595 (2019).

[8] A. Biswas, M. Ekici, A. Sonmezoglu, M. R. Belic,



Cubic—quartic optical solitons in fiber Bragg gratings with Fokas—Lenells equation and two algorithms

535

Optik 185, 50 (2019).

[9] A. Biswas, J. Vega—Guzman, M. F. Mahmood, M.
Ekici, Q. Zhou, S. P. Moshokoa, M. R. Belic, Optik
185, 39 (2019).

[10] A. Biswas, Optik 170, 431 (2018).

[11] A. Biswas, Y. Yildirim, E. Yasar, Q. Zhou, S. P.
Moshokoa, M. Belic, Optik 173, 21 (2018).

[12] A. Biswas, M. Ekici, A. Sonmezoglu, R. T.
Algahtani, Optik 165, 29 (2018).

[13] A. Biswas, Y. Yildirim, E. Yasar, Q. Zhou, M. F.
Mahmood, S. P. Moshokoa, M. Belic, Optik 165,
74 (2018).

[14] A. Biswas, M. Ekici, A. Sonmezoglu,

R. T. Lgahtani, Optik 165, 102 (2018).

[15] A. Biswas, H. Rezazadeh, M. Mirzazadeh, M.
Eslami, M. Ekici, Q. Zhou, S. P. Moshokoa, M.
Belic, Optik 165, 288 (2018).

[16] A. Biswas, M. Ekici, A. Sonmezoglu, R. T.
Algahtani, Optik 165, 102 (2018).

[17] A. Biswas, S. Arshed, Optik 172, 847 (2018).

[18] A. Biswas, A. Dakova, S. Khan, M. Ekici, L.
Moraru, M. R. Belic, Semicond. Phys. Quantum
Electron. Optoelectron. 24(4), 431 (2021).

[19] O. Gonzalez—Gaxiola, A. Biswas, F. Mallawi, M.
R. Belic, J. Adv. Res. 21, 161 (2020).

[20] K. Hosseini, M. Mirzazadeh, J. Vahidi, R. Asghari,
Optik 207, 164450 (2020).

[21] A. J. M. Jawad, A. Biswas, Q. Zhou, S. P.
Moshokoa, M. Belic, Optik 165, 111 (2018).

[22] K. V. Kan, N. A. Kudryashov, Math. Methods
Appl. Sci. 45(2), 1072 (2022).

[23] E. V. Krishnan, A. Biswas, Q. Zhou, M. Alfiras,
Optik 178, 104 (2019).

[24] N. A. Kudryashov, Optik 195, 163135 (2019).

[25] N. A. Kudryashov, Chin. J. Phys. 66, 401 (2020).

[26] N. A. Kudryashov, Optik 209, 164522 (2020).

[27] H. Triki, A. M. Wazwaz, Waves Random Complex
Media 27, 587 (2017).

[28] H. Triki, A. M. Wazwaz, Int. J. Numer. Methods
Heat Fluid Flow 27, 1596 (2017).

[29] Y. Xiao, E. Fan, J. Xu, Acta Math. Sci. 37, 852
(2017).

[30] E. M. E. Zayed, M. E. M. Alngar, A. Biswas, Y.
Yildirim, S. Khan, A. K. Alzahrani, M. R. Belic,
Optik 234, 166543 (2021).

[31] E. M. E. Zayed, M. E. M. Alngar, A. G. Al-
Nowehy, Optik 178, 488 (2019).

[32] E. M. E. Zayed, R. M. A. Shohib, M. M. EI-
Horbaty, A. Biswas, M. Ekici, A. S. Alshomrani, F.
B. Majid, Q. Zhou, M. R. Belic, Optik 200, 163281
(2020).

[33] E. M. E. Zayed, R. M. A. Shohib, A. G. Al-
Nowehy, Comput. Math. Appl. 76, 2286 (2018).

[34] E. M. E. Zayed, R. M. A. Shohib, A. Biswas, M.
Ekici, A. S. Alshomrani, S. Khan, Q. Zhou, M. R.
Belic, Optik 199, 163214 (2019).

[35] E. M. E. Zayed, R. M. A. Shohib, Optik 185, 626
(2019).

“Corresponding author: biswas.anjan@gmail.com



