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1. Introduction

The propagation dynamics of solitons through an
optical fiber, PCF or metamaterials is governed by the
well-known nonlinear Schrédinger’s equation (NLSE).
However, there exists three forms of derivative NLSE
that is also studied in this context although
predominantly these forms mainly appear in Plasma
Physics. One of the three forms that would be studied in
the current work is the Gerdjikov—Ivanov (Gl) equation
[1-5]. This model is being considered with cubic—
quartic (CQ) dispersive effects as opposed to the usual
chromatic—dispersion (CD) being the source of
dispersion. If it so happens that CD runs low, then the
cumulative effect of third-order dispersion (30D) and
fourth—order dispersion (40D) compensates for this low
count. Hence, with this newly developed concept, the Gl
equation with CQ dispersion will be integrated in
presence of perturbation terms using the sine—Gordon
equation method, for the first time, in this paper. These
perturbation terms appear with maximum allowable
intensity. Both, the scalar case and birefringent fibers are
taken into account. A full spectrum of soliton solutions
are recovered from this algorithm that are enumerated in
this paper. These solutions also come with parameter
constraints that are also presented.

2. Scalar model

The CQ-GI equation with nonlinear perturbation terms
in polarization preserving reads as:

U + {QUgpy + DU + Clul*u + idu?u}
= ifau, + AulP™u), + p(lul?™)ul, 1)

where x and t are the non-dimensional distance and time in
dimensionless form respectively. The first term is linear
temporal evolution and i =+/—1. The complex valued
function u(x,t) represents optical solitons in polarization-
preserving fibers. The constants a and b are respectively the
coefficients of 30D and 40D while the coefficients ¢ and d
constitutes quintic nonlinearity and nonlinear dispersion
term respectively. Lastly, @, A and p are respectively the
coefficients of inter-modal dispersion, self-steepening term
and higher-order dispersion.

To obtain optical solitons with the perturbed CQ-GI
equation in polarization-preserving fibers, we assume the
traveling wave transformation as

u(x, t) = U(§)e' ™,
& =x—t, 2

@(x,t) = —kx + wt + 6,,
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where k, v, w and 0, are respectively the frequency,
velocity, wave number and phase constant of the soliton.
Also, the function U(&) is the amplitude of the soliton
while the function ¢(x, t) is the phase component of the
soliton.

Inserting the traveling wave transformation (2) into
the perturbed CQ-GI equation (1) leads to the ordinary
differential equation

bU®™) + 6bKk2U" — (w + 3bk* + ax)U
—k(d + 1)U +cUS =0, 3)

along with the parameter constraints

m=1, (4)
a = 4bk, 5)
d—31—-2u=0, (6)
v = —a — 8bx3. @)

Eq. (3) can be integrated to determine the soliton
profile while Eq. (7) gives the velocity of the soliton.
According to the sine-Gordon equation approach, Eq. (3)
holds the formal solution

N B;sin(V(§))
U(E =) cos V(D) + 4,
i=1 A;cos(V(£))
8)
V'(§) = sin(V(©), ©)
sin(V(E)) = sech (§),
sin(V (&) =icsh (§),
(10)

cos(V(£)) = tanh(é),
cos(V(§)) = coth(é),

where A; and B; are constants and the value of the
integer N is identified by applying the balance principle
between the non-linear term and greatest order
derivative term. Balancing U® with U® in Eq. (3) gives
N = 1. Thus, Eq. (8) reduces to

U()=A4,+ Blsin(V(E))

+4,c0s(V(§)). (11)

Inserting Eq. (11) along with Eq. (9) into Eq. (3)
gives rise to the following soliton solutions:

Case-1:

3k%(d + 2)?
b=——— " 4,=0,
2¢(3x?% —10)2

A -4 6rK(d + 1) B 0
7= c(3k2—10)’ e

W= —;(—9&1(5 —18dk52
2¢(3k? — 10)2

—9K°1% 4+ 18ack®* — 36d?%k3 — 72dx3A
—36K31% — 120ack? + 48d%k
+96dKA + 48KkA? + 200ac). (12)

Substituting Eq. (12) along with Eg. (10) into Eq. (11)
causes to the dark soliton solution

6k(d+ 1)

wEe D =% = 3 - 10)

$

x tanh(x + (& + 8bk3)t)el-kx+wt+60)  (13)

and the singular soliton solution

_ 4 6k(d+ 1)
MO = @10

x coth(x + (o + 8bi3)t)elTHx+ot+bo)  (14)

The dark soliton solution (13) and the singular soliton
solution (14) are yielded by the constraint

ke(d + ) (3k? — 10) < 0.
Case-2:

_ 3k*(d+)?
© 2c(3Kk%+5)2’

A =0 B -+ 6k(d+ 1)
e 1= le(Bk2 +5)

(—9d?Kk> — 18dx52

A():O,

w=- 2¢(3x?% + 5)?

—9k51% + 18ack™ + 18d%k> + 36dK3A
+18xk32% + 60ack? + 3d%k

+6drA + 3kA? + 50ac). (15)
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Inserting Eq. (15) along with Eq. (10) into Eq. (11)
leads to the bright soliton solution

N=4 6k(d + 1)
MO =2 @)
x sech (x + (a + 8bi3)t)el-rxx+wt+6o)

(16)

and the singular soliton solution

_ 4 6k(d + 1)
ulxt) =4 " ¢(3k%+5)

x csch (x + (a + 8bi®)t)el-rx+wt+8o) - (17)
The bright soliton solution (16) is given by the
constraint
kc(d + 1) >0,

while the singular soliton solution (17) is derived by the
constraint

ke(d + 1) <0.
Case-3:

6x(d + 1)?
c(6x2% —5)2’

A -+ 3k(d + 1)

17+ | c(6k2 —5)
_ 3k(d + 1)
Bi=4= c(6x% —5)

— m (—18d2K5 — 36dKSA

AOZO,

w =

—18k32% + 36ack* — 18d%k3 — 36dK31
—18x32% — 60ack? + 6d%k
+12dkA + 6KA? + 25ac). (18)

Substituting Eq. (18) along with Eqg. (10) into Eq.
(11) yields the combo singular soliton solution

_ 4 3k(d +A)
u(x,t) =+ —m

coth(x + (a + 8bk3)t)
X

+ csch (x + (a + 8bx3)t)

X ei(—xx+wt+90). (19)

The combo singular soliton solution (19) is retrieved by
the constraint

ke(d + 1) (6x? — 5) < 0.

Case-4:
\30 d + 2)?
k=30, @Dy,
6 54ck?
648ack? + 133d? + 266dA + 1331?
w=-

648ck? ’

d+A d+A
A== fa, B =% /E (20)

Inserting Eqg. (20) along with Eq. (10) into Eqg. (11)
gives the combo dark-bright soliton solution

N LY,
u(x ) =1 3ck

tanh(x + (a + 8bk3)t)
X

+ sech (x + (a + 8bx3)t)
X ei(—xx+wt+90)_ (21)

The combo dark-bright soliton solution (21) is yielded
by the constraint

kc(d + 1) > 0.
3. Birefringent fibers

The CQ-GI equation with nonlinear perturbation terms
in birefringent fibers reads as:

iq + 103 Quxx + D1 Qoeerx
+(elql® + dilqlPIr]? + elr1*)q
+i(fiq® + giv% + hiqr)q;
= ila1qy + 41(1912@)x + 11 (1q1%)xql, (22)
i1 4+ 1057y + DaTorrx
+(calrl* + dalr?lq1? + ealql™)r
+i(for? + goq* + horq)ry
= ilayr, + 2 (Ir1r)x + pa(Ir1?)sr], (23)
where the complex valued functions q(x,t) and r(x,t)
account for optical solitons in birefringent fibers. For

Il =1,2, a; and b; are respectively the coefficients of 30D
and 40D and ¢; represent the coefficients of self-phase
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modulation (SPM) while d; and e; account for the
coefficients of cross-phase modulation (XPM). Also, f;,
g1 and h; represent the coefficients of nonlinear
dispersion. Lastly, a;, A4; and u; are respectively the
coefficients of inter-modal dispersion, self-steepening
term and higher-order dispersion.

To obtain optical solitons with the perturbed CQ-GI
equation in birefringent fibers, we assume the traveling
wave transformations as

q(x,t) = Uy (§)e'?™D,
r(x,t) = Up(§)e'?™D,
(24)
&E=x—wt,
@(x,t) = —kx + wt + b,.

Inserting the traveling wave transformations (24)
into the governing system (22) and (23) yields the real
part

b U™ + (3ka, — 6x2b)U;"
+(xc*b, — ka; — k3a; — W)U,
—k(f, + A)U? — kh URU; — kg, U, U?
+qUf + U Ui + d,URUF =0, (25)
and the imaginary part
(4x3b, — v — a; — 3k?a))U]
(a; — 4xb)U;" + b UUU; + g, UF U]
+(f; — 34 — 2u)URU} = 0, (26)
where | = 1,2 and [ = 3 — [. Egs. (25) and (26) become
b U™ + 6x2b, U}’
—(ka; + 3k*b, + W)U,
—k(fy + 4, + h + g)U?
+(c,+ e +d)UP =0, (27)

by the constraints

Ui = Ull (28)
al = 4Kbl, (29)
v =—a; — 8k3by, (30)

Balancing U™ with U} in Eq. (27) gives N = 1. Thus,

Eqg. (8) changes to

Ui(§) = Ag + Blsin(Vl(f))
+4;c0s(V,(9)). (32)

Substituting Eq. (32) along with Eqg. (9) into Eq. (27)

causes to the following soliton solutions:

Case-1:

—— or(fi+ g, +h +4)
L - (3K2 - 10)(6'[ + dl + el)'

3K2(fl + g1 + hl + 11)2
2(3K2 - 10)2(Cl + dl + el)'

bl=

K
@ T 2BKE=10)2(c, + d, + €))

OK°f’
+18k>f,g, + 18k5fih; + 18k°fi A,
+9x5g,% + 18k°g,h, + 18k°g, A,

+9k5h,* + 18K5hy A, + 9K52,2
—18k*a;c; — 18k*a;d; — 18Kk*aye
+36K3f,% + 723 f,g, + 7213 fily
+72K3fid; + 36K3g,% + 72K3 g, hy
+72K3 g A + 3613 + 72130 A,
+36K31,% + 1201 a;¢; + 120K%ayd,
+120x%ae; — 48k f,* — 96k f,g;
—96kKfh, — 96K f;A, — 48K g,?
—96Kg,h; — 96K g A, — 48Kch,*
—96Kh, A, — 48Kk’
—200a;c; — 200a,d; — 200q;¢)). (33)

Inserting Eq. (33) along with Eq. (10) into Eq. (32)

yields the dark soliton solutions

6k(fi + g1 +h + 1)
qx,t) =% |—
(3K2 - 10)(C1 + d1 + 61)

x tanh(x + (a; + 8x3by)t)ei(Trx+wt+bo) (34)
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6Kk(f; + g2 + hy + 43)
r(x,t)y =+ |-
(3K2 - 10)(C2 + d2 + 62)

X tanh(x + (ar, + 8k3b,)t)el(-Fx+wt+bo)  (35)

and the singular soliton solutions

6k(fi + g1 +hy + 1)
qlx,t) =% |—
(3K2 - 10)(C1 + dl + 61)

x coth(x + (a; + 8i3b,)t)el(-rx+wt+bo)  (36)

6Kk(f; + g2 + hy + 43)
rix,t) =% |—
(3K2 - 10)(C2 + dz + 62)

x coth(x + (@, + 8i3b,)t)elTFx+wt+fo) - (37)

The dark soliton solutions (34) and (35) and the

singular soliton solutions (36) and (37) are retrieved by
the constraint

K(3K2 - 10)(Cl + dl + el)(fl + g + hl + Al) < 0.

Case-2:

B — br(fi+ g1+ h+4)
YT 1@Br2+5)( +d +e)

3K'2(f[ + 91 + hl + Al)z
2(3K2 + S)Z(Cl + dl + el)’

bl=

K
= 9k>
© =G d e "

fle
+18k°f,g, + 18k°fih, + 18K5f, 1,
+9x5g,% + 18x°g,h; + 18x5g, 1,
+9K5h,* 4+ 18K5hy A, + 9k5 4,2
—18k*a;c; — 18k*a;d; — 18x*ase,
—18i3f,* — 36K3f,9, — 36K3fih,
—36K3f,4, — 18k3g,% — 36K3g,h,
—36K3g,4; — 18k3h,* — 36K3h, A,
—18k31,% — 60K%a;c; — 60K2,d,

—60xK2a e, — 3Kkf,* — 6Kf,9; — 6Kfih,

—6xKfid; — 3Kg,%> — 6Kgh, — 6K G,
—3kh,® — 6Kl A, — 3KA,°

—50a;¢c; — 50a,;d; — 50q;¢)). (38)

Substituting Eq. (38) along with Eq. (10) into Eq. (32)
gives the bright soliton solutions

6k(fi + g1 +h +4)
q(x,t) =%
(Bk?+5)(¢c; +dy +e)

x sech(x + (a; + 8k3by)t)elTrx+et+bo) = (309)

6Kk(f; + g2 + hy +1;)
r(x,t) =4+
(Bk?2+5)(c, +d, +ey)

x sech (x + (a, + 8Kk3b,)t)elTrx+wt+6o) - (40)

and the singular soliton solutions

6k(fi + g1 +hy +4)
qx,t) =% [—
(Bk?+5)(¢c; +dy +e;)

x csch (x + (@, + 8i3by)t)elxx+wt+bo) - (47)

6Kk(f; + g2 + hy +1;)
rix,t)=+ |[—
(Bk?2+5)(c, +d, +ey)

x csch (x + (@, + 8K3b,)t)elTix+ot+b0)  (42)

The bright soliton solutions (39) and (40) are given by
the constraint

k(g+d+e)(fi+g,+h+21)>0,

while the singular soliton solutions (41) and (42) are yielded
by the constraint

K(Cl + dl + el)(fl + g1 + hl +Al) < 0.

Case-3:

A =+ |- 3K(fl+gl+hl+)'l)
1 - (6K2 - 5)(Cl + dl + el)’

B -+ 3k(fi+ g+ h +2)
7= (6k2 =5) (e, +d, +¢)
6K2(fl + g1 + hl + /‘11)2

b=~ (6K2 —=5)2(c; +d, +¢)
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K Case-4:
= 18x5f,°
@ (6K2 —=5)2(c; +d; + el)( <
V30
+36K°f,9, + 36K°f,h, + 36K5f,4, K=t— A =0,
+18k°g,% + 36K°g,h; + 36K°g, A
l 1 4 A_+ﬁ+gz+hl+/11
1= X (5 5 . v
+18k5h,% + 36K A, + 1851, 3k(c, +d; +e)
—36K*a;c; — 36K*a;d; — 36K*ase, gt h A,
By=% 77—
+18K3f,2 + 36K3f,g, + 36K3fil, 3r(c +di+e)
+36K3f,4, + 18x3g,? + 36K3g,h, _(ita+th+4)?
2 LT 54(Cl + dl + el)KZ ’
+36K3g;4, + 18k3h,° + 36K3h; 4,

— 3
+18K3;{lz + 60K2alcl + 60K2aldl w= 648(cl + dl + el)K'Z (648K a6y
+60K’ e, — 6kf,” — 12kfig; +648K3a,d, + 64813 a e, + 133f2

—12kfh, — 12Kf,A, — 6K g, — 6Kh;* +266f,g, + 266f,h, + 266f,A,
_12Kglhl - 12Kglll - 12Khlll +133g12 + 266glhl + 266911[
—6KA,” — 25a,c, — 25a,d, — 25a,e;).  (43) +133h,* + 266h,4; + 1331,%). (46)

Inserting Eq. (43) along with Eq. (10) into Eq. (32)

Substituting Eq. (46) along with Eq. (10) into Eq. (32)
leads to the combo singular soliton solutions

yields the combo dark-bright soliton solutions

3K(fl+gl+h1+ll) f1+g1+h1+/11
lt = i - 1] = i
U j (6K —=5)(c; +d; +e;) 0% £) 3x(c; +d; +e)

coth(x + (a; + 8x3b,)t) tanh(x + (a; + 8x3b;)t)
X

X
+ csch (x + (ay + 8x3by)t) + sech (x + (a; + 8x3b))t)
X ei(—lcx+wt+90)’ (44) % ei(—xx+wt+60) (47)
3k(f, + g3 + hy + 1) +9,+hy, + 2
rot) =+ |- Zfz 92 2 2 (o t) = + f2t 92 2 2
(6k2 —5)(c, +d, + ey) 3k(c, +d, +ey)
coth(x + (a, + 8x3b,)t) tanh(x + (a, + 8k3b,)t)
X X
+ csch (x + (ay + 8x3by)t) + sech (x + (a, + 8x3b,)t)
% ei(—;cx+a)t+60)_ (45) % ei(—rcx+wt+90)_ (48)

The combo singular soliton solutions (44) and (45)

The combo dark-bright soliton solutions (47) and (48)
are recovered by the constraint

are given by the constraint

k(6r®> = 5)(c;+d +e)(fi+ g+ + 1) <O0. k(o +d+e)(fi+g +h+2)>0. (49
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4. Conclusions

This paper applied the concept of CQ solitons to the
familiar Gl equation and retrieved soliton solutions to
this model in presence of perturbation terms that were
considered with maximum allowable intensity. The
scalar model together with birefringent fibers yielded a
complete spectrum of soliton solutions that are exhibited
with their respective existence criteria. The results truly
open up an abundance of avenues for further
investigations in this regard. An immediate thought is to
nail the conservation laws followed by the
corresponding soliton perturbation theory. Additional
integration technologies would also give further and
more fruitful insight into the model. Such research
activities are all under way. This is just a foot in the
door!
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