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Conservation laws for cubic—quartic optical solitons with
complex Ginzburg-Landau equation having five
nonlinear refractive index structures
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1. Introduction

The dynamics of optical soliton propagation is
described by various forms of nonlinear evolution
equations that are in the complex domain. One of the
most viable models is the complex Ginzburg—Landau
equation (CGLE) that has been extensively addressed all
across the board [1-15]. The latest form of CGLE is
pure—cubic (PC) CGLE which is considered when
chromatic dispersion (CD) is low and hence third—order
dispersion (30D) replaces it. This model has been
employed and its conservation laws have been recovered
[3, 14]. Later, this PC-CGLE is extended to cubic—
quartic (CQ) CGLE where in addition to 30D, fourth—
order dispersion (40D) comes in and, thus the
combination of 30D and 40D effects compensates for
the low count of CD. The current paper is consequently
a follow up of the previously reported results during
2021 where soliton solutions to CQ-CGLE were
reported [2]. The current work now reports conservation
laws that emerge from CQ-CGLE. The conserved
quantities are yielded from Lie symmetry methodology
and the conserved quantities are finally computed and
exhibited for the five nonlinear forms that are studied.

1.1. Governing model

The CQ-CGLE with Hamiltonian perturbation terms is
structured as:

L |q, |2
iqe +i0qyyse + DGyyrx + F(|Q|2)q = a%

ﬁ 2 2 2 2
+W[2|Q| Ugql®) e = (gl 3] + vg
A(ql*™q), + 8q, + 1'Iqlzqu]

+i
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Here F stands for the real-valued nonlinear forms. A and
& imply to the coefficient of self-steepening and inter—modal
dispersion sequentially. y purports the coefficient of
detuning effect and i = v—1. @ and # are the coefficients of
perturbation effects. 4 and v correspond to the coefficients
of nonlinear dispersion. a and b signify the coefficient of
30D and 40D respectively and the first term in (1) implies
to linear temporal evolution. g = q(x,t) purports the
complex-valued wave profile. t purports the time in
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dimensionless form and x accounts for the non-
dimensional distance. Finally m stands for maximum
intensity parameter.

2. Conservation laws

For the conserved flow, we assume g = u + iv to
recover a real system that is a closed form of the
respective partial differential equations whose conserved
flows (T, T*) are derived by the multiplier
methodology. The multiplier Q = (—u,v) gives the
‘power’ conserved density

vZ+u?
pa—

Tf = 2

In each case, the ‘power’ conserved density is
formulated to be:

i = |q|%. ®3)
Also, if
A=—p (4)
together with
B=a=0, ()

we get Hamiltonian and linear momentum for (2)-(5). In
each case, the linear momentum density is

VyU+ UV

t _
T; ==, (6)
and the momentum density for the systems above is
@5 =7(q"q,)- (7

Therefore the Hamiltonian (H), linear momentum
(M) and the power (P) for the various nonlinear forms
are exhibited in the current paper.

2.1. Kerr law

The CQ-CGLE with Kerr nonlinear form is written
as:

L ||
iq +i0qyyx + DGy + Cl‘flzq =a C;*

+
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The bright soliton to the CQ-CGLE (8) is structured
as [2]:

q(x,t) = Asech[B(x — vt)]|e!(TFxtwt+bo) ()

Here A purports the amplitude of the soliton, while B
signifies its inverse width. The parameters x and «w represent
frequency and wave number sequentially while 8, stands for
the phase constant. The density of Hamiltonian is
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The conserved quantities are thus given as:

o0 2
P =" lql%dx ==, (12)
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2.2. Parabolic law

The CQ-CGLE with parabolic nonlinear form is given
by:
|9

» . IZ
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2 2
H.[/l(lql @y +8q, +vIql*qy _ (15)

+u(lq1®q

The structure of the bright soliton to the CQ—-CGLE
(15) is the same as that of Kerr nonlinear form given by

(9).
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With the same structure of the soliton, linear
momentum and the power stays the same as that of Kerr
nonlinear form while the Hamiltonian is given by:
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2.3. Polynomial law

The CQ-CGLE with polynomial nonlinear form is
structured as:

Gy + 10Gxxx T DQoxx + (C1|Q|2 + "-"Zl‘ffl4 + Csl‘flﬁ)q
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The structure of the bright soliton to the CQ—CGLE (19)
would bear the same structure as in Kerr nonlinear form as
given by (9).
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The Hamiltonian is therefore given as:

H=f Dldx
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2.4. Quadratic—cubic law
The CQ-CGLE with quadratic—cubic nonlinear H= J ®Ldx
form is formulated to be: —
o |q.|? o [ .
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is given as:
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The bright soliton is structured the same as that of Kerr

+64v2 + ulyu? nonlinear form and hence the power stays the same as that of
Kerr nonlinear form as given by (12). However, in this case,

—6u\Vv? + u2dv, + 6uVv? + uzavxxx]l (25) there are no momentum and Hgmilt_onian densiti(?s.
Therefore, linear momentum and Hamiltonian does not exist

so that in this case.
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3. Conclusions

This work is about conservation laws that emerged
from CQ-CGLE that was considered with five nonlinear
forms. The Hamiltonian, linear momentum and the
power conserved quantities are enlisted for such
nonlinear forms, save the parabolic—nonlocal form that
comes with one conservation law, namely the power.
These conservation laws imply that the soliton
perturbation theory can be immediately pursued and thus
the quasi-monochromatic dynamics of such solitons are
retrievable. Next, the quasi—stationary solitons for CQ-
CGLE are to be found. These are all on the horizon
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