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Computing the edge Szeged index of polyhex nanotori by

automorphism
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Let G be a molecular graph and e=uv be an edge of G. Define Ney (e|G) to the number of edges of lying closer to u than

tov and Ney (e | G) to the number of edges of lying closer to v than to u. Then the edge Szeged index of G, Sze (G) ,is

defined as the sum of Ng, (€] G) Ngy (e| G)over all edges of G. In this paper we find the above index for TUC,C,(S)

nanotori graph using the group of automorphisms of G. This is an efficient method of finding this index especially when the

automorphism group of G has a few orbits on E(G).
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1. Introduction

A graph G consists of a set of vertices V(G) and a set
of edges E(G). The vertices in G are connected by an edge
if there exists an edge uv e E(G) connecting the vertices

uand v in G such that u,v eV (G). In chemical graphs,

the vertices of the graph correspond to the atoms of the
molecule, and the edges represent the chemical bonds. The
number of vertices and edges in a graph will be denoted by
| V(G)| and | E(G)|, respectively.

Topological indices are graph invariants and are used
for Quantitative Structure-Activity Relationship (QSAR)
and Quantitative Structure-Property Relationship (QSPR)
studies [9,11]. Many topological indices have been defined
and several of them have found applications as means to
model physical, chemical, pharmaceutical and other
properties of molecules [13]. The oldest topological index
is the Wiener index which was introduced by Harold
wiener [15]. Here, we consider a new topological index,
named edge Szeged index, see [14].

To define the edge Szeged index of a connected graph
G, we correspond to an edge e=uv of E(G), two quantities

Ney (€1G) and ng,(e|G) in which ng,(e|G) is the
number of edges lying closer to the vertex u than the
vertex v, and N, (€|G) is the number of edges lying

closer to the vertex v than the vertex u. Then the edge
Szeged index of the graph G is defined as

2 Ney (8| G)ngy (| G)

e=uvek

Sz¢(G) =

Let e=uv be an edge of G. We define the following
sets:

N, (€]|G)={weV(G)|d(u,w)<d(v,w)},

N, (e|G)={weV(G)|d(v,w)<d(u,w)},
No(e|G) ={weV(G)|d(v,w) =d(u, w)}. If the size of
No(e|G) is zero, then ng, (€| G) (resp. ngy, (€] G)) is
the number of edges of in graph introduce by N (€| G)
(resp. Ny (e|G)).

Yr:/deeismg the above notation that compute the edge Szeged

By an automorphism of the graph G =(V,E) we mean
a bijection o on V which preserves the edge set E, i.e., if

e=uv is an edge, then e =u®v?is an edge of E. Here

u? denotes the image of the vertex u under & . It is
obvious that the set of all the automorphisms of G under
the composition of mappings forms a group which is
denoted by T" = Aut(G). We say that T acts transitively

on E(G) if for any edges e and f in E there is o €I such
that % = f .

The following result enables us to calculate Sz, (G)
easily.

Lemma 1. Let G = (V, E) be a simple connected
graph. If Aut(G) on E has orbits Eq,Es,...,E, with
€1,€2,...,€r,

r

€ =U;Vj, then Sz (G) = X | Ej [ ngy, (6 |G)ngy, (&) |G) -

representatives respectively,  where

Proof. Since each orbit E; acting transitively on E;,
so N, (&[G) and ne (& |G) are constant for all
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edges €; =uUjVvj in orbit E;j. Now by definition edge
Szeged index we have

Sz (G)= X ngu(e|G)ng(e|G) =

e=uv
_ile 5 e, (6 16Ny, (6 1G) =
S1E; Mg, (€ 18Ny, (i |G)

i=1

The proof is completed.

Some topological indices are computed for some
nanotubes and nanotori, for example see [1,2,4,5,6,12,16].
In this paper we compute the edge Szeged index of

TUC,4Cg(S) nanotori, using the group of automorphisms
of G.

2. Main results and discussion

We assume that T =TUC4Cg(S)[m,n] is the
molecular graph of a TUC,4Cg(S) nanotorus with m and

n oblique edges in each row and column (Fig. 1). This
graph has 2n rows with m vertices in each row and 2m
columns with n vertices in each column. Hence graph T
has exactly 2mn vertices and 3mn edges.

The following lemma is basic.

Lemma 2 ([3]). The automorphism group T on the
set of edges has exactly three orbits determined by a
vertical edge, a horizontal edge and an oblique edge of T.

||||| IIl\

Fig. 1. The 2-Dimensional Lattice of
T =TUC,4Cg(S)[3,3] Nanotorus

Now we ready to compute the edge Szeged index of
TUC,4C3(S).

Theorem 1. The edge Szeged of nanotori
T =TUC,Cg(S)[m,n] is
mn
Sz =—
e(T) 4 X
27n2m? —30n%m—12nm? +
120m+13n2+44m2 —12n+4 n<m

27n?m? —30nm? —12n%m +
n>m

12nm+13m2+4n2 —12m + 4

Proof. Let the orbits of Aut(T) on the set of edges of T be

denoted by E; (horizontal edges), E, (vertical edges)

and E3 (obligue edges), according Lemma 2 (Fig. 2). So

by Lemma 1, we have
3
SZG(T) = Zl E| |neiui (el |T)neiVi (el |T) )
i=1

Consider the edge e=uv in the orbit E;for i =1,2,3.
Now we count Ng, (€] T) which is the number of edges

of the set N (e|T).
Case 1. Suppose e=uv be the horizontal edge in orbit

Ey. Let us choose U=Ujpy and V=Uymyy as
Ny(e|T)
consist vertices of columns Cq,C»,...,C,. Since each

vertices of the edge e=uv (Fig. 3). The set

column has n vertices, so the size of N, (e|T) ismn. Itis

easy to check that the vertices of columns C; and C,
have degree 2 and other vertices are from degree 3.

Therefore neu(e|T):%(3mn—2n). In a similar

manner we obtain ng, (e |T) = %(Smn— 2n).

Case 2. Let e=uv be the vertical edge in orbit E,.
Suppose T'=T'[m’,n"] is a rotation of T through %
where m'=n and n'=m. Apply case 1, we have

Ney (e|T)=nev(e|T)=%(3mn—2m).
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Fig. 2. The vertices, rows and columns.

Case 3. Let e=uv be the oblique edge in orbit E3. Let
us choose U=Uyq and V=Upo as vertices of the edge
e=uv, (Fig. 2). We firstassume n=m. Theset N, (e|T)
consist vertices of rows Ry4,Rsg,...,Ry,1 and the half
vertices of rows Ry,Rp,R3,Rp,. Since each row has m
vertices. Hence

INy (e|T)[Em(n—2)+4(T)=mn. The number
of vertices of the set N, (e|T) that its degree is 2 equal
to 3m-2 and other vertices have degree 3. Therefore

Ney (€]T) :%(Smn—Sn + 2) . Since T is symmetric, so
Ney(8|T) = %(3mn—3n+ 2).

Now if n<m, then in a similar manner we obtain

neu(elT)znev(e|T)=%(3mn—3m+2).

Since |Ej|=mn for i=123, so with an easy

calculations the proof complete.
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