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Computing ABC, index of nanostar dendrimers
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The ABC index is a topological index was defined as ABC (G)=Y,, .« de W) +dg vV) -2 , where d; (U) denotes degree of
V' de)dsv)

vertex u. Now we define a new version of ABC index as ABC,G)= X M, where
weE®) | 85 (U)3s ()

S5 (U) = ZuveE(G)dG (v) . The goal of this paper is further the study of the ABC, index.
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1. Introduction

A graph is a collection of points and lines connecting
a subset of them. The points and lines of a graph also
called vertices and edges of the graph, respectively. If e is
an edge of G, connecting the vertices U and v, then we
write € = uv and say "U and v are adjacent". A connected
graph is a graph such that there is a path between all pairs
of vertices. A simple graph is an unweighted, undirected
graph without loops or multiple edges. A molecular graph
is a simple graph such that its vertices correspond to the
atoms and the edges to the bonds. Note that hydrogen
atoms are often omitted.

Molecular descriptors play a significant role in
chemistry, pharmacology, etc. Among them, topological
indices have a prominent place [1]. One of the best known
and widely used is the connectivity index, introduced in
1975 by Milan Randi¢ [2], who has shown this index to
reflect molecular branching. Recently Furtula et al. [3]
introduced atom-bond connectivity (ABC) index, which it
has been applied up until now to study the stability of
alkanes and the strain energy of cycloalkanes. This index
is defined as follows:

ABC(G)= >’

e=uveE(G)

dg(u)+ds(v) -2
deWdg(v)

where g (U) stands for the degree of vertex u. Now we

define a new version of ABC indices as follows:

ABC,G)= )|

uveE (G)

>

SG(U)+6G (V)_2
86 (U)dg (v)

in which dg)= X

veNg (u)
NgU)={ve/ (G)|uveEG)}.

dg ) and

Here our notation is standard and mainly taken from
standard books of chemical graph theory [4]. All graphs
considered in this paper are finite, undirected, simple and
connected. For background materials, see references [5-7].

2. Main results and discussion

In this section we compute the truncated ABC, index
of chain graphs. Then we use this method to compute the
ABC, index of an infinite class of nanostar dendrimers. To

do this let U ={U,,U,,...,U, } be a subset of V(G). The
truncated ABC, index ABC4(U) defines as

¥ \/56<u>+5e<v>—2

ABC4(UI Uy ey ) (G) _

WeE(S) 05 (U)d5 (V)
i.e.,
ABC4(U)(G): z \/de(u)"'de(v)_z.
weE(G) dg (U)dg (V)
u,veU
It should be noticed that in the case U = @,

ABC4(U)(G)= ABC,(G). At first, we consider some

examples:

Example 1. Let K , be the complete graph on n vertices.
Then, for every V €V (K, ), dg(V)=n-1 and so
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8 (V) =(n—-1)". This implies that

_ 2((n=1*-1
ac, (k) =" | (((n_ff )

Example 2. Let C denote the cycle of length n. Then
_ — n
dg(v)=2 and 85 (v)=4. Hence, ABC,(C,) :Z\/g

Example 3. Let P, be a path of length n. Then one can

see that ABC,(P,) = (n- 7 )\£+\/5+\f (n>5).
Let G, (1 <i<n)besome graphsandV; €V (G;) .
A chain graph denoted by G =G(G,,...,G,,V,,...,V,) is

obtained from the union of the graphs G, ,1=1,2,...,n
by adding the edges Vivi+; (1 <i < n-1), see Fig. 1. Then

|V<G)|—Z\V<G>|and|E<G)| (n— 1)+Z|E<G>|

i=1

BT

Fig. 1. The chain graph G = G(G,,...,G,,V,,...,

ﬂ

It is worth noting that the above specified class of
chain graphs embraces, as special cases, all trees (among
which are the molecular graphs of alkanes) and all
unicyclic graphs (among which are the molecular graphs
of monocycloalkanes). Also the molecular graphs of many
polymers and dendrimers are chain graphs.

Lemma 1. Suppose that
G =G@G,,G,,...G,v,v,

for a vertex uin V(G), N;[u]= NG(U)U{U} . Then:
i G@G,,G,,...,
only if G; (1<1 <n) are connected.

,...,V ) is a chain graph and

G,.V,V,,....V,) is connected if and

(i)
ds (a) aeV (G;)and a=v,
d; @) =1d; @)+1 a=v,, i =1n ,
d; (@)+2 a=v,, 2<is<n-l1

(i) if U eV (G;) and V; & N [U] then
O (U) =g (U).

Theorem 2. If U ={u,,U,,...,U,} be a subset of V(G)
and V...V, €U, then for
G =G(G,,G,,....G,,v,V,,...,V,) itholds:

(U UNG| [Vi ])

ABC,"*)(G) =" ABC, G+

. I (U) +J6 (V) —2
; UVENEZ(FiV)] \/ 5@ (U)é‘G (V)

u,veU

N "Zl\/(SG(vi)MG(viH)—z
= 06 (V)95 (Vi)
Proof. By using the definition of the truncated ABC, index
one can see that

Gre 3 [T+ W)-2
( ) UVEZE(:G)\/ 5@(“)5G(V)

u,veU

ABC4(U, Uy eyl

n Og(U)+05(V) -2
2.2 \/ 05 (W) (V)

i=1 uveE(G;)

u,veU

. § Jé‘e (%) + 8, (%) =2
= 06 (V)05 (Vi)

Zn: Z 05, (U)+65 (V) -2 .
i=1 uweE(G)) 5Gi (U)5Gi (V)

u,veU UNg, [vi]
Ty \/@;(u)wg(v)—z
i=1 uveNE([Gi)] 5@ (U)é‘G (V)

U,VEE’} .

+

- 5G (Vi ) + 5(3 (Vi+1) -2
96 (V)95 (Vi)

i=1

- Yasct M) 4
y I (U) +J6 (V) ~2
g‘ uveEZ(Gi) \/ 96 (U)Jg (V)

ueNg [vi]
u,vgU
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n-1 _
n 5G(Vi)+§G(Vi+|) 2 ‘ ABc4(NGl[VI]UNG1[VJ)(G1):l\/g+\/§+\/z+6\/z‘
T\ 96 (V)G (Vi) 2 S V7
Corollary 3. The truncated ABC,4 index of the chain graph il

G:G(Gl’Gzavlﬂvz)
(vi,v, 2U,U ={u,,u,,...u = V(G)) is:

ABC,"%)(G) = Z aBC," el (G ) +
i=1
Ty \/5G(u)+5e(v)—2 .
i=1 WweE(G,) 06 (U)d5 (V) W2 W3
ueNg [v;
U,VEUI[ ]
5@, (v,)+ dGz (v,)+ 562 (v,)+ dGl v,) Fig. 2. The graph of nanostar G, for n=1.
(86, (v)+dg, (v) +1)(86, (V) +dg (V) +1)
Consider now the chain graph

G,=G@G, ,H,.,v,,u,), shown in Fig. 2 (for N=1)

and Fig. 3, respectively. It is easy to see that H, =G, (1
Example 4. Consider the graph G, shown in Fig. 2. It is <i<n-1)and

We use from this Corollary in the next section.

easy to see that G,=G@G, ,H,.v,.u)
ABC4(G1):%\/E+\/5+3\/§+6\/%, Gn—1=G(Gn—2’H2’V2’u2)
ABC, """ (G)) = ABC,""V(G) = ABC, ™"V (G,) =G(Giois Hivr Visss i)

v 7 2
—ABCJ““"[”(Gl>=ﬁ+ﬁ+2\g+6\f? G, =G(G,,H, .Y, .U,
2 1 n-1°> "n-1°>~n-1/ "

and so, for 1 <1, J<3,i# ],

Then by using Corollary 3, we have the following relations:

ABC,(G,) = ABC, " "G, )+ ABC, ™" (H,)+c
ABC, "V (G )= ABC, V(G )+ ABC, MMl ()1

ABC4(NG”4 [Vi])(ani) _ ABC4(NGH44 [ViaD (anifl) + ABc4(NHi+1 [ViloNu,,, [ui*‘])(HM)-f- c

ABC4( Ng, Va2 D (Gz) — ABC4(NG1 Vo] (Gl) + ABC4(NHIH [Vn—Z]UNHrH [Unst] (anl) +c,

2 8 2
in which C = 7 \/g + g\/E + 4\/; . Summation of these relations yields

n—1
ABC,(G,) = ABC, ! (G,)+ ABC," "V (H )+ 3 ABC, Ml Ml (1 y 4 (n—1e,

and so by using example 4, it is easy to obtain

ABC,(G,) = 2ABC, ") (G ) + (n—2) ABC, "Ml (G ) 4 (n—1)c

(et ol {30 b0
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In other words we arrived at the following:

Theorem 4. Consider the chain graph
G,=G@G, ,H,.v,,u;,) (n>2), shown in Fig. 3. Then,
ABC4(Gn) =

l\/g+g\/§+£\/§+\/z+10\/z n+
2 7 5 5 7

(I-%f—%ﬁwg%ﬁ}

Corollary 5. Consider the nanostar dendrimer D, shown in
Fig. 4. Then,

ABC(D) = l\/g+g\/§+2\/§+\/z+10\/§ n
2 7 5 5 7
Fig. 4. The graph of the nanostar dendrimer D.
(526 1mafE-of)
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Fig. 3. The chain graph G, and the labeling of its vertices.

*Corresponding author: mghorbani@srttu.edu



