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Computation of the first edge-Wiener index of
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Wiener index was introduced by Harold Wiener in 1947. This index is the sum of distance between all vertices of a graph.
The edge versions of Wiener index were introduced by Iranmanesh et al., recently. In this paper, the first edge Wiener index

of TUACe[p,q] nanotube is computed.
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1. Introduction

We denote the set of vertices of connected graph G
withV (G) and set of edges with E (G) . In a molecular

graph, each vertex denotes an atom and edges denote the
bond of between atoms. A topological index is a real
number which describes the molecular graph.

The oldest topological index which is vertex-Wiener
index was introduced by Harold Wiener [1]. He introduced
this index for comparing and describing the relation
between Physical-Chemical properties.

The definition of this index is as follows:

If uv eV (G)and d(u,v) is the shortest distance
between them, then

WE)=2 Y d@y) &)
2 uvev (G)

The Wiener index of many nanotubes has been
computed. For example see [2-25].

The edge-Wiener index was
Iranmanesh et al. in [26] as follow:

Suppose e,f e E(G) wheree =(uv),f =(x,y).

Set

d,(e.f)=min{du,x)d@,y)d{.x)d,y)}

We define new distance due to d,(e,f ) as follows:

introduced by

d,(e,f)+1 ,e=f
d,(e,f)=19 "
N
The first edge-Wiener index is introduced as follows:
1
Weo(G):_ Z do(e’f) 2
2e,f cE (G)
Also we define edge-Wiener index-like as follows:
1
W.G)=> > die.f) 3)
efeE(G)

Accordingly, we have

W, (@) -W,,(@) +Zm(m -1)

where|E (G)|=m .
The edge Wiener index of TUAC[p,q] nanotube is
computed in this paper.

2. The first edge Wiener index of TUAC[p,q]

Armchair polyhex nanotube graph, that denoted by
TUAC,[p.q], is a nanotube that p and q are the
number of hexagons in length and width of molecular
graph, respectively. Also, it has j rows which 1< j<q.

Fig. 1. TUAC,[7,5] nanotube with 1< j<5 rows.

2.1 Definition

q
A ={U{e eEG )‘e is anupper horizontal edge inthe j™ row }}

j=

N

U{e eEG )‘ e is a horizontal edge ,below the g™ row }

A, = {e € E(G)‘e is an undemeath horizontal edge in the j" row}

q
j=1
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q
B, = {e eE (G)‘e is an oblique edge in the j" row}
j=1

q
B, :U{e cE (G)‘e is an oblique edge betweenthe j"and j +1" row}

j=1

Therefore, we have

[E(G)|=[A]+[A,]+[B,|+[B,|=6pq +p .
Also, we have

W, G) =W, (A, G)+W,, (A, G)+W,,(B,,G)+W,,(B,,G)

For compute the first edge-Wiener index, we need three

cases: ¢ < [%} q :[%} andq >[%}

In addition, we use the notation W, (e, ,G) and
W, (€ ,G); for W, if e is fix edge from set Y and for

region X and row j, respectively.

p
Case 1. —
ase q<[2}

(i): piseven.
Lemma 1. Suppose e €A, then there are two
regionR and R 'in Fig. 2, such that

)

e

AR TN
526202120 %0 %21 %
O-O-CHIRRORHOH

;[T TATTMT?

R\Nel(eAllG):(f i]jzjili)‘F(Zi f (21 -1)
[%}q 4934j-1 [%} 21
RWel(eAllG):(Z Z i)+( z}‘, Z i)

Proof. The regions R and R' are shown in Fig. 2.
W (€41,G)and W, (€,,,G), we

consider the rows K, j in Fig. 2. Due to the rows and

For computing

distances between edge € € A, and other edges in region
R, W,,(e,G) can compute easily. According to the

fact that the oblique line in Fig. 2 do not intersect of the
symmetry line, we obtain our results for each row
separately. Hence, we give two distinct formulas for

131'3{%}_(1 and [%:}_q+13jg[%:|. Also, we

continue this for the procedure row k according to bounds
of summations. Thus we obtain the desire results.

=3 J=4
[ - 3

{

= oY o Ll
N L I Il
el -l - e et .. ) -

Fig. 2. TheregionsR and R'in TUACs[10,3] for e € A, where g < [?} .

Lemma 2. Suppose € € A, then
Wel(eAl’G )1 = 2( RWel(eAllG ) + RWel(eAllG )) +1,

where t, = (iZi )—(q+1)(2p-1).

i=1

Proof. In Fig. 2, W, (e,,,G), s
2(W,,(€4,,G)+ W, (€4,,G)) +t,, where t; is sum of

the distances between edges on symmetry line
Lemma 3. For the set A, we have:

equal to

Wi (A8) =2 (X oy 610.B)) + P, (64,.6),)

Proof. Let e € A, be an edge on j " row. We divide

the graph TUAC.[p,q] in two sub-graphs

p

G,=TUAC[p,j-1] and G,=TUAC[p,q—j+1]
which have been indicated in Fig. 3. In this case, we have:
Wel(eAI'G )j :Wel(eAl’Gl)l +Wel(eAl’GZ)l _tz
where t, is equal to the sum of distances between edges
which located in common region between graph G, and
G, , that is,
3

t,=2() (4i +3))-(2p-1)

i=0
Now, since there are p edges in the set A, in each row

and p horizontal edges below the row g, we obtain the
desire result.

Lemma 4. Suppose € € A,. Then
Wel(eAZ'G )1 :Wel(eAl’G )1 +t - (2p-1)
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Fig. 3. Dividing the graph TUAC4[12,5] in two sub-graph TUAC[12,2] and TUAC¢[12,3] for e e A, where ¢ < [?} .

where
=23 (3 (2 -1)-
@+ 23, D+(Y (@ -1)-( 3 (4 -3))

Proof. Let e € A,be a fix and grey edge in Fig.4.
According to this figure, for computing W, (e,,.G),, at
first we need obtain the sum of distances between edges on

Hm

p

green rectangular. This quantity is equal to the first term of
t;. Then by the commute of the graph such that the grey
edge matches on the upper horizontal edge (red edge). The
sum of distances from e € A, to other edges is equal to
W, (e,,.G), minus the sum of distances between edges
on below green rectangular in Fig. 4. Therefore, we can
get W, (e,,.G), with add the summation of distances

between edges on upper green rectangular to the
computation.

|/_\/_\/_‘€”ﬂ/_1\/_\/_\/§\/_\_/_\|
AR B AN AV 7

Fig. 4. Computing W, (e,,,G), for e e A, where q < {?} .

Lemma5. For the setA,, we have

13
Wel(A21G) :Ez pNel(eAZ'G )j
j=1

Proof. Let e € A, be an edge on ] ™ row. We divide
the graph TUAC.[p.q] in two sub-graphs
G,=TUAC,[p,j]1 and G,=TUAC,[p,q—j+1]

which have been indicated in Fig.5.
In this case, we have:

Wel(eAZ’G )j =We1(eA2’Gl)1 +We1(eszG2)1 _t4 _ts

where t,and t; are the sum of distances on the row
J and the sum of distances of between edges over
theedge e A, . That is,
B

=23 1)+ Ep-D) =23 1)~ (3 (4 +3))

p

Therefore, since there are p edges in the set A, in
each row, we can obtain the desire result.

Lemma 6. Let e € B,. According to Fig. 6, there are
4 regions for e € B, in TUAC,[p,q] that they satisfy
the following relations:

2q-12q+j-2 2q-1 %
RWel(eBllG):(Z Z i)+(z 2i)

i=li=2j-1 k=0 i=k

2q+k -1
2q-12q+j-2 2q—1[ 2

RWel(eBllG):(z Z i)"'(z Z (2i -1))
j=0 i=2j k=1 =k
[%}q 4914i-2 [ﬂ 2p1

Ryvel(eBl’G):(z Z i)+( Z z i)

j=1 i=4j-2
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Fig. 7. Computing W, (e;,,G), for e € B, where g <{E .
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~
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p-
j=1 i=4j-4 Jz[ﬂfqﬁi:‘”’z

p-2
1

o 4
(2+1)+( > > (2i+1)
A SHRGEY
+(qizi)

Lemma?7. Let e € B, inFig. 6, then

W,1(€51,G) = gW,1(€51,G) + W, (€6,,G)
+ Ryvel(eBllG)+ szvel(eBllG)
Lemma8. Let e € B, inFig. 7, then

We1(eaz’G )1 =Wel(eBllG )1 +15

.

where

2p-2 4q-4 p-1
—[(2q—2)+2[ > i}( > ij—{22ij+(2p—1)J
i=2q-1 i=2q-1 i=2q
Lemma 9. For the setB,, we have

W.,(B;,G)= %((iszel(eBUG)j )+2pW,,(e5,,G),)

Proof. Let e € B, be an edge on ] ™ row. We divide
the graph TUAC([p,q] in two sub-graphs
G,=TUAC[p,j] and G,=TUAC([p,g-j+1].
which have been indicated in Fig. 8. Therefore, we have:
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Wel(eBbG)j :Wel(eBZ!Gl)l +We1(eB]_le)1_t4 _t7 CoroIIaryll. 1
where t, is the sum of distances between fix edge e and Wel(G):Ep -6pq ) p’ +EI03 +4pq*+6pq*
the other edges, that i}s } +4pq2-18p%q 2+18p°q 2+6p°q
1 fy ]
;= ((Z i) ( Z (4i +2) ))+((Z i)- (Z 4i)) By the above results, we can state the following
theorem:

Now, accordlng to the facts that there are 2p edges in
set B, in each row and 2p oblique edges in under of q" -
row, the desire result is obtain. Theorem 1. Let p be an even number andq < {%}

Lemma 10. Let € € B,, then we have,
Then

W“(BZ’G):EEZM“@BZ’G)J' Weo(G)=%p3+4pq3+6pq4+4pq2+18p3q2
+6p°q -3
Proof. With the following fact P4 -2pd
Wi (€2:G); =We1(€51,G1) +W i (€62.G,), —t, -t (ii): pis odd.
and with the similar of the proof of Lemma 9, we obtain
the desire results.

SR
inminy

J k
e \' \'

T
J k
Fig. 9. TheregionsR and R" in TUAC;[8,4] for e € A, where q :{%}
This case is exactly similar to the case (i) and there e 2p-lmustaddtot, inW,(e,,G).
are some differences which have been mentioned in the
follows: e InW,(e,,,G);, ts changes to
e InW,(e,,G), t; changesto - B}-z

t! —2((Z|) (Z(4l+3))+(2p 1).
m e inW,(ey,G); andW,,(eg,,G); , t; changes
o t, changesto t; =2( ZZ: (4i +3)) in 2

0 ot = ((ZI) ([Z(4I +2)))+((ZI) (%40)

CvRE ),— : Therefore we can state the followmg theorem:

t=(32)-a(2p 1.

p
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Theorem 2. Let p be an odd number and q < {g}

Then

3

7 1 44
Weo(G)=—§p +=p +6pq“+? pq’+24pq’

2
-8p’q +% pq+2p*-16p‘g*
+18p°q® +6p°y
Remark: In follows, we use the notations G, and
G, for the sub-graphs TUAC,[p,j—-1] and
TUAC [p.q—j +1] in the set A,, respectively. Also
for the sets of B,,B,,A, , we use the notations G, and
G, for the sub-graphs TUAC[p,j] and
TUAC,[p,q —j +1], respectively.

P
Case2. q=|—
ase2. [2}
(i): piseven.

@€ A

Lemma 11. Let e € A in Fig.9, then there are two
regions R and R’ which satisfy the following relations:

W€ G)=(X 3 D+ Y (2 -1)

[B:} 2p-1 [%} p-1
W, (€4,,G) = (Z Zﬁi)‘F(Z [Zk:fl)

Lemma 12. Suppose € € A, then

Wel(eAl’G )1 = Z(RWel(eAllG ) + RWel(eAllG )) +Sl
where

q
S1=0.2i)-(@+1(2p-1).

i=1

L/

SN NN N NN N

= 4

LN/ N/ NV N/ N7 NS NN

Fig. 10. Computing W, (e,,.G),for e e A, where q =| —|.

Lemma 13. For the set A, , we have:

1 q
W.i(A1G) = (5 2 PW,1(€41,8); ) + PW.: (€1, G );
j=2 Gl,Gz:q<[%} G:q:[%}

Lemma 14. Let e € A, in Fig.10, then
W,1(€n2:G) =W 1 (€41,:G), +S5

2

where

S3:2((ii)—( 4 (4i+3)))
—<2q+2«p2n)+(qz 2i 1))+ (2p ~1)

Lemma 15. For the set A, , we have:

W, (A,.G)=(Z ZMel(eAZ’G) )+ PW,,(€4,,G),

o 2] el

Lemma 16. Let e € B, in Fig.11, then there are 4
regions R',R",R,,R, in graph of TUAC[p,q] such
that:

2q-12q+j-2 2q 1{2q+k 1]
Wel(eBllG):(Z Z |)+(Z z 2i)
i=li=2j-1 ik
2q-129+j-2 2q - I[Z‘Hk 1}

Wel(esllG):(z z |)+(Z 2 (21 -1)

S 0.
&MHZZW@%Z
e (8] .a

R, el(eBllG) (ZZI)+(Z§

j=0i=4j k=1

~1)+ (iZi )

Lemma 17. Let e € B, in Fig. 11, then
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Wel(eBl'G )1 = RW

1€1,G) + W, (€5,,G)

+ Ryvel(eBllG)+ Rz\Nel(eBl'G)

Lemma 18. According to Fig. 12,
Wel(eBZ G )1 :Wel(eBl'G )1 +S¢

where

i 3 He

Se=((21)-(2 (4 +2))+((Zl) (2 4i))

i=1 i=1
2p-4

(29 -2)+2( Z D+ )

i=2q-1 i=29-1

(S 2i)+@2p-1)

i=2q

N NS AN

Fig. 12. Computing W, (eg,,G), for e e B, where q ={%}

Lemma 19. For the set B, , we have:

q-1
Wey(B,6) = (3 200.,(65,.6),)
" GI,GQ:q{%}

+2pWe1(eBl‘GZ)1+ pWel(eBZ’Gl)l

W] el

Lemma 20. For the setB, , we have:

q-1
W, (B,.G) :%(ZZQNel(eBZ,G )i)+PW,i(eg,,G),

=2

G;q:E
; p

G, .G,
1 zq<[2}

2

Corollary 2.

19 5 21 107
WEI(G)ZEp—Epz—?pa —pq+35pq

+p(129° -9 -10q +2p*+5p +2-3p?)
+2p“q-30p°q +8pq* +%pq3 +16pq?

+15p%q? +8p* —14p?q?

Theorem 3. Let p be an even number and ¢ = {%}

then
19 5 21 107
Weo(G)=?p—§p2—*p3—f

+p(129° -9 ~10q +2p* +5p +2-3p?)

pq +35p°q

+2p*q —30p°q +8pq* +%pq3+16pq2

+15p%g? +8p* —14p?q?

1
+5Pp (60 +1)(6pg + p -1)

(ii): pisodd.

This case is exactly similar to first case and there are
some differences which have been mentioned in the
follows:

e InW_(e,,,G),, S, changes to

5=(3.2)-a(2p-1).

e InW,(€,,G);, S, changes to
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ax

S, =2(Q 4i +3)

e InW_(€,,,G),, S5 mustbe add to
W,,(e,;.G), where

2p-2 {2}2
S, =2((Z i)-(

k=]

-3))+(2p-1)

i=0

g2 Y DY @ )

i=2q-1 i=q+1

o InW,(€,,,6);,

2p-2 [%}2
tos, =2(> i - Z (4i +3))+(2p-1)-

i=1

S; changes

e InW_(€5,G),, S, mustbe add to
W.,,(eg,.G), where

ws B Hy

((Zl) (Z 4|+2))+((Z|) (241))

2p-6

—((20-2)+2( Z i)+( 1)

i=2q-1 i=2q-1

-(2p-2)+(2p-1)

o InW,(€g,G); andW , (e5,,G);, S; changes

to

B
2p-1 2

S;=((2)-(2 (4i+2))

i=1 i=1

2p-2 [2]
+((Z i) - (Z4l )

Therefore we can state the following theorem:

Theorem 4. Let p be an odd number and q ={%}

then
Weo(G)=f%p —33pq +48p“q +10p* 72—27p3
+p(129° —q* ~10q +2p® +11p -9-3p?)
+24p% +6pg* +13pq? +48pg® —30py
_12p2q2

P
Case 3. —
ase q>—[2}

(i). piseven.

In this case, there is a general formula for p > 6 and
we mention only explicit formula for p <6.

If p=2,then,

+18py?

W,,(G)=26+48q° +130q° +52q .
If p=4,then,
W,,(G)=148+192q° +696q° +832q .

Lemma 21. The region R which is denoted in Fig.
13 satisfies the following relation:

p-1 2q+j-1 p-1 q+k-1

Rwel(e,(;)=(z0 zz i)+(§ zk (2i -
]
—((Z (2i +1))

<l

2[5
+( >

j=0 {2q+p'}
2

Theorem 5. Let p>6 and q > {%} , then:

\ o

——
N|o
——

(2i +1)))

W,,(G)=10p +17p° q-—p 10pq-—p +9pq?
+3p“q+12p°q°® +4p°g® +9p’y?

17 4.3 5 _4p3
+ -—p°-4
4p 8p pq
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2e A

Fig. 13. The region R and R’ in TUAC[6,8] for e € A, where ( > [E:l .

(ii) pisodd
In this case, there is a general formula for p>7 and
we mention only explicit formula for p < 7.
If p=3,then,
W,,G)= 225+108q° +3009° +177q .
If p=5, then,
8570 4175 , 125 ,

—~11000+——q + 2505q% +
W,,G) = g (T AT

78035 g=p=5
Now let p > 7. We have two cases as follows:
@qg=p
Lemma 22. If g# pand p >7, then for the region

R we have:

p-129+j-1 p-1q+k -1

RWel(e’G):(Z(; i; i)+(k§ ; (2i -1))
il
(2 >
k=0 '{%}k
P
LOIDY

k =0 i { 2q +3W
2

(2i +1))

(2i +1)))

Therefore we can obtain the first edge Wiener index
for the reminder cases in the following Theorems:

Theorem 6. Let g=# pand p>7 and q >[%}

then:

p

1 1 7 1
W (G)==p%*+=p% +—pg2+=p°2
«0©G) S P S paropat P
23 19 , 13 .1, 39 ,,
+—pg-— -——p-=pTH+—
4 PA- P PP P

8
16 5 5 7 1 435 5 4 55
-—pig-—p'+= +=pig+—
3pq 32P 2Pq qu 4p

577 , 3, 21 , 5 13 .,
+—p +=pq° +— +=

3 Pty
45 2615 , 5 4 ,

- — - +_

g" o6 P TGP

(b) p=q
Lemma 23. If p=qgand p=>7, then for the region
R we have:

Wae6)=(X 3 )+(X Y (2 -1)

Theorem 7. Let p=qgand p>7 and q >—{g}

then:
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1835 , 37
eo(G)—fp“+—p3 —p3q+—pq

+—7pq P p “q +6pq2-—7pﬁ
2765 5 .
5P
5 13
-——p'+ up“q2 += p g+ p ‘q°

32

l 542 344 343 2
+= += +— +=
4P qu qu 2pq
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