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The geometric-arithmetic index is another topological index was defined as GA(G) =Y,

vertex u denoted by du. Now we define a new version of GA index as GA4,(G) =Y.
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of vertex u. The goal of this paper is to further the study of the GA4 index.
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1. Introduction

Mathematical chemistry is a branch of theoretical
chemistry for discussion and prediction of the molecular
structure using mathematical methods without necessarily
referring to quantum mechanics [1-3]. Chemical graph
theory is a branch of mathematical chemistry which
applies graph theory to mathematical modeling of
chemical phenomena [4]. This theory had an important
effect on the development of the chemical sciences.
Nowadays hundreds of researchers work in this area
producing thousands articles annually.

A molecular graph is a simple graph such that its
vertices correspond to the atoms and the edges to the
bonds. Note that hydrogen atoms are often omitted. By
IUPAC terminology, a topological index is a numerical
value associated with chemical constitution purporting for
correlation of chemical structure with various physical
properties, chemical reactivity or biological activity [5-
11].

A graph is a collection of points and lines connecting
a subset of them. The points and lines of a graph also
called vertices and edges of the graph, respectively. If e is
an edge of G, connecting the vertices u and v, then we
write e = uv and say "u and v are adjacent". A connected
graph is a graph such that there is a path between all pairs
of vertices.

Let X be the class of finite graphs. A topological index
is a function Top from 2 into real numbers with this
property that Top(G) = Top(H), if G and H are isomorphic.
Obviously, the number of vertices and the number of edges
are topological index. The Wiener index is the first
reported distance based topological index and is defined as
half sum of the distances between all the pairs of vertices

in a molecular graph. If x,y € V'(G) then the distance

d;(x,y) between x and y is defined as the length of any
shortest path in G connecting x and y. For a vertex u of
V(G) its eccentricity &(u) is the largest distance
of G,

maximum

between u and any other vertex v
&g(u)=max,, q d(u,v). The

eccentricity over all vertices of G is called the diameter of
G and denoted by D(G). The eccentric connectivity index

&£(G) of a graph G is defined as

$(G)= z deg;(u)es(u).

ueV (G)
Where, deg,(u) denotes the degree of vertex u in G, i.

e., the number of its neighbors in G.

The Zagreb indices have been introduced more than
thirty years ago by Gutman and Trinajestic [1]. They are
defined as:

M(G)= Y (degy(v))’ and

vel (G)
M,(G)= z deg;(u)deg;(v) -
uveE(G)
Now we define a new version of Zagreb indices as
follows:

M'(G)= ), &W)+&() and

uv ek (G)

MyG)= D ew)ew).

uv ek (G)

It is easy to see that for every connected graph G,

M;(G)=&(G).
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A class of geometric—arithmetic topological indices

2\0.9,
0, +0,

0O, is some quantity that in a unique manner can be
associated with the vertex u of the graph G, see [13]. The
first member of this class was considered by Vukicevic
and Furtula [14], by setting O, to be the

2\dudv

du +dv

may be defined as GA .,y =Diver , where

GA (G) = Zuv ek

in which degree of vertex u denoted by du. The second
member of this class was considered by Fath-Tabar et al.
[15] by setting O, to be the number n, of vertices of G
lying closer to the vertex u than to the vertex v for the edge
uv of the graph G:

2\n,n,
GA (G ) Zuv e~
n, + n,
The third member of this class was considered by Bo
Zhou et al. [16] by setting O, to be the number m, of edges
of G lying closer to the vertex u than to the vertex v for the

edge uv of the graph G:

2\m m,

GAs(G):Z
mu+mv

uv eE

Here, we define the forth member of this class as

follows:
2 Je(u)e()

G%AG)=de;£51267,

in which €() denote to the eccentricity of vertex u. The

goal of this paper is computing some bounds for GA,
index. Throughout this paper our notation is standard and
mainly taken from standard books of graph theory [18-23].
All graphs considered in this paper are simple and
connected.

2. Results and discussions

In this section we first compute some bounds for G4,
index. Next we introduce the conception of transitive and
edge-transitive acting on vertices of graph G. Finally by
using this definition and some Lemmas we compute the
GAyindex of hypercube graph.

Theorem 1. Let G = (V, E) be a graph. Then

2M(G)

G <GA,(G) <3

2 ym 1G)-

Proof. It is easy to see that for every e = uv in E(G),
€(u)+¢€(v) > 3. By the definition of G4, index we have

<M@)2M3ﬂ@ﬂkzmd¢mw

eu)+ev) 3
2 2 .
SEZUVEE S(u )S(V ) :gMZ(G )
On the other hand,
GA,(G)=¥. 2e@)e) Zm <E \IS(M)S(V _2M ,(G)
¢ “E ) +ew) M. (G) M G)’

This completes the proof.

Theorem 2.
VR
GA,(G)> ;(G)
M, (G)
Proof.

Je@)e(W)Jew e )

[GA, G =5,y —2WEC) 4

) o)) i (e) +e0))(e )+ £07)
Ly, ) MG
() +e0)’  [M;(G)]

An automorphism of the graph G = (V, E) is a
bijection G on V which preserves the edge set e, i. e., if e

= uv is an edge, then 6(e)=0(u)o(v) is an edge of E.
Here the image of vertex u is denoted by G(u ). The set of

all automorphisms of G under the composition of
mappings forms a group which is denoted by Au#(G).
Aut(G) acts transitively on V if for any vertices « and v in

Vthere is o € Aut (G) such that o) =v . Similarly G

= (V, E) is called edge-transitive graph if for any two
edges e; = uv and e, = xy in E there is an element

BeAut(G) such that P(e)=e,

B(e,)=B@)B(V ). Let G = (V, E) be a graph. If Aut(G)
acts edge-transitively on V, then we have the following

lemma:
GA,(G)=2|E |—V8(”)8(V)

8(u)+s(v)’

where

Lemma 3.

every e =uv € E(G).

Lemma 4. M,(G)=E |e@)e().,
e=uv eE(G).

Example 5. Let S, be the star graph with n + 1

vertices. It is easy to see that S, is edge- transitive. So we
have:

for every
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GA,(S,)=2n x\/g.

Fullerenes are molecules in the form of polyhedral
closed cages made up entirely of n three coordinate carbon
atoms and having 12 pentagonal and (n/2 - 10) hexagonal
faces, where n is equal or greater than 20. Hence, the
smallest fullerene, Cy, (n = 20) has 12 pentagons and its
point groups, is well known to be C;. In the following
example we compute the GA4 index of Cy.

Example 6. Consider the fullerene graph C,y shown
in Fig. 1. It is easy to see C, is edge transitive.
Furthermore, because C,, is vertex transitive so by

computing values of &) and &() we have,
ew)=e()=5. In the other word [E| = 30 and
GA,(C,,)=30.

In the general we have the following theorem without
proof:

Theorem 7. Let G be a graph in which, Aut(G) acts
both edge and vertex-transitively on V. Then

GA,(G) = EG)].

Fig. 1. The graph of fullerene Cj.

The fullerene Cs is the only edge transitive fullerene.
So it is important how to compute GA, index for the case
which G is not transitive graph. One can apply the
following Lemma for this case:

Lemma 8. Let G = (¥, E) be a graph. If Aut(G) on V'
has orbits £;, 1 <i<s, where e/~u,v; is an edge of G. then:

M(G)=X|E, | e, )e(,) and

GA4(G)=22|Ei | e )sv,)

e;)+e(v;)

Proof. The values of &(u) and &(v) for every e € £,

are equal. So,. it is enough to compute &(u;) and &(v;) for e;
= uivi(l < l < S).

A hypercube define as follows:

The vertex set of the hypercube H, consist of all n-

tuples b;b,...b, with b, €{0,1}. Two vertices are

adjacent if the corresponding tuples differ in precisely one
place. Darafsheh® proved H, is vertex and edge transitive.
We use of this result and we have the following theorems
without proof:

Theorem 9. M ,(H ) =|E |=n>.2""

Theorem 10. GA,(H,) =|E |=n.2""".

References

[1] N. Trinajsti¢, I. Gutman, Mathematical Chemistry,
Croat. Chem. Acta, 75, 329 (2002).
[2] I. Gutman, O. E. Polansky, Mathematical Concepts in
Organic Chemistry, Springer-Verlag, Berlin (1986).
[3] S.J. Cyvin I. Gutman, Lecture Notes in Chemistry,
Vol 46, Springer-Verlag, Berlin (1988).
[4] N. Trinajsti¢, CRC Press, Boca Raton, FL (1992).
[5] H. Wiener, J. Am. Chem. Soc., 69, 17 (1947).
[6] H. Hosoya, On some counting polynomial in
chemistry, Disc. Appl. Math., 19, 239 (1988).
[7] P. V. Khadikar, S. Karmarkar and V.K. Agrawal, J.
Chem. Inf. Comput. Sci., 41, 934 (2001).
[8] P. V. Khadikar, P. P. Kale, N. V. Deshpande, S.
Karmarkar, V. K. Agrawal, J. Math. Chem., 29, 143
(2001).
[9] I. Gutman, Graph Theory Notes New York, 27, 9
(1994).
[10] I. Gutman, A. R. Ashrafi, Croat. Chem. Acta, 81, 263
(2008).

[11] M. H. Khalifeh, H. Yousefi-Azari, A. R. Ashrafi,
Disc. Appl. Math., 156, 1780 (2008).

[12] E. Strada, L. Torres, L. Rodriguez, I. Gutman, Indian
J. Chem. 37A, 849 (1998).

[13] B. Furtula, A. Graovac, D. Vukicevié, Disc. Appl.
Math., 157, 2828 (2009).

[14] D. Vukicevi¢, B. Furtula, J. Math. Chem. 46, 1369
(2009).

[15] G. Fath-Tabar, B. Furtula, I. Gutman, J. Math. Chem.,

in press.

[16] Bo Zhou, Ivan Gutman, Boris Furtula, Zhibin Du,

Chem. Phys. Lett., 482, 153 (2009).
[17] M. R. Darafsheh, Acta. Appl. Math., DOI 10.
1007/s10440-009-9503 (2009).

[18] A. R. Ashrafi, M. Ghorbani, M. Jalali, J. Theor.
Comput. Chem., 7, 221 (2008).

[19] M. Ghorbani, Optoelectron. Adv. Mater. — Rapid

Commun., 4(2), 261 (2010).

[20] A. R. Ashrafi, M. Saheli, M. Ghorbani, Journal of
Computational and Applied Mathematics,
http://dx.doi.org/10.1016/j.cam.2010.03.001.

[21] A. R. Ashrafi, H. Saati, M. Ghorbani, Digest Journal

of Nanomaterials and Biostructures, 3(4), 227 (2008).



A note on the fourth version of geometric-arithmetic index 2215

[22] A. R. Ashrafi, M. Ghorbani, M. Jalali, Digest Journal
of Nanomaterials and Biostructures, 3(4), 245 (2008).

[23] M. Ghorbani, M. Jalali, Digest Journal of
Nanomaterials and Biostructures, 3(4), 269 (2008).

[24] A. R. Ashrafi, M. Ghorbani, Digest Journal of
Nanomaterials and Biostructures, 4(2), 313 (2009).

[25] A. R. Ashrafi, M. Ghorbani, M. Hemmasi, Digest
Journal of Nanomaterials and Biostructures, 4(3), 483
(2009).

[26] A. R. Ashrafi, M. Ghorbani, Digest Journal of
Nanomaterials and Biostructures, 4(2), 389 (2009).

[27] M. Ghorbani, M. B. Ahmadi, M. Hemmasi, Digest
Journal of Nanomaterials and Biostructures, 3(4), 269
(2009).

[28] M. Ghorbani, M. Jalali, Digest Journal of
Nanomaterials and Biostructures, 4(1), 177 (2009).

[29] M. Ghorbani, M. Jalali, Digest Journal of
Nanomaterials and Biostructures, 4(3), 403 (2009).

[30] A. R. Ashrafi, M. Ghorbani, M. Jalali, Optoelectron.
Adv. Mater. — Rapid Commun., 3(8), 823 (2009).

[31] A. R. Ashrafi, M. Ghorbani, Optoelectron. Adv.
Mater. — Rapid Commun., 3(6), 596 (2009).

[32] M. A. Hosseinzadeh, M. Ghorbani, Optoelectron.
Adv. Mater. — Rapid Commun., 11(11), 1671 (2009).

[33] M. Ghorbani, A. R. Ashrafi, M. Hemmasi,
Optoelectron. Adv. Mater. — Rapid Commun., 3(12),
1306 (2009).

[34] M. Ghorbani, M. Jalali, Digest Journal of
Nanomaterials and Biostructures, 4(4), 681 (2009).

[35] M. Ghorbani, Optoelectron. Adv. Mater. — Rapid
Commun., 4(2), 261 (2010).

[36] M. A. Hosseinzadeh, M. Ghorbani, Optoelectron.
Adv. Mater. — Rapid Commun., 4(3), 378 (2010).

[37] M. Ghorbani, M. Jaddi, Optoelectron. Adv. Mater. —
Rapid Commun., 4(4), 540 (2010).

[38] H. Maktabi, J. Davoudi, M. Ghorbani, Optoelectron.
Adv. Mater. — Rapid Commun., 4(4), 550 (2010).

[39] M. Ghorbani, H. Hosseinzadeh, Optoelectron. Adv.
Mater. — Rapid Commun., 4(4), 538 (2010).

[40] M. Faghani, M. Ghorbani, MATCH Commun. Math.
Comput. Chem., 65, 21 (2011).

[41] M. Ghorbani, MATCH Commun. Math. Comput.
Chem., 65, 183 (2011).

[42] M. Ghorbani, M. Ghazi, S. Shakeraneh, Optoelectron.
Adv. Mater. — Rapid Commun., 4(6), 893 (2010).

[43] M. Ghorbani, M. Ghazi, S. Shakeraneh, Optoelectron.
Adv. Mater. — Rapid Commun., 4(7), 1033 (2010).

[44] A. Azad, M. Ghorbani, Optoelectron. Adv. Mater. —
Rapid Commun., 4(7), 1261 (2010).

[45] H. Mesgarani, M. Ghorbani, Optoelectron. Adv.
Mater. — Rapid Commun., 4(7), 1264 (2010).

[46] M. Ghorbani, A. Azad, M. Ghasemi, Optoelectron.
Adv. Mater. — Rapid Commun., 4(7), 1268 (2010).

*Corresponding author: mghorbani@srttu.edu



