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A note of Zagreb indices of nanostar dendrimers
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The Zagreb indices have been introduced more than thirty years ago by Gutman and Trinajsti¢. In this paper we introduce a
new version of Zagreb indices and then we compute them for an infinite family of nanostar dendrimers.
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1. Introduction

A graph is a collection of points and lines connecting
a subset of them. The points and lines of a graph also
called vertices and edges of the graph, respectively. If e is
an edge of G, connecting the vertices U and v, then we
write € = Uv and say "U and v are adjacent". A connected
graph is a graph such that there is a path between all pairs
of vertices. A molecular graph is a simple graph such that
its vertices correspond to the atoms and the edges to the
bonds. Note that hydrogen atoms are often omitted.

Let X be the class of finite graphs. A topological index
is a function Top : ¥ — RZ0 with this property that Top(G) =
Top(H), if G and H are isomorphic.

The Zagreb indices have been introduced more than

30 years ago by Gutman and Trinajsti¢’. They are defined
as:

MiG)= ¥ (dgW))* and

vey G)

z dgWdg ).
ueE@G)
Now we define a new version of Zagreb indices as
follows:

M>©G)=

M,G)= I &u)+dw) and
uvekE G)
M)G)= I GWaW).
uveE (G)
where gu)= Y dg) and
veNg )
NG U)={ve/ G)|uveE (G)}. One can see that
MIG)= X dgU)ds ).
uev G)

This paper addresses the problem of computing the
the new Zagreb indices of a special type of dendrimers.
We encourage the readers to consult papers [8 - 11] for
computational techniques related to dendrimers, as well as
[12 - 26] for background materials. Our notation is

standard and taken mainly from the standard books of
graph theory such as [15].

2. Main results and discussion

The aim of this paper is computing the new version of
Zagreb indices of a class of dendrimers. To do this, let
U ={up,up,...ux} be a subset of V(G). The truncated
Zagreb indices Ml’(U)(G) and MZ'(U)(G) can be defined
as

M 1’(U )(G) -M 1’(U1aU2,-~~,Uk )(G)= 5 dg U)5g ()
uev G)U
and
My UGy =M, )G = T b w)de )
uv ek (G)
uy el

It should be noticed that in the case U = O,
M G)=m/G) and M, V)=, ©).

Let G, (1 <i<n)be some graphs and vj eV Gj) . A
chain graph denoted by G=G(G,....G,,V,,...,V,) is
,i=12,...n,by
adding the edges vivii; (1 < i < n-1), see Fig. 2. Then

obtained from the union of the graphs G,

n n
VG)I=X NGl and [EG)I=(n-D+ X [EGj)].
i=1 i=l

Vi vz

) @ @

Fig. 1. The chain graph G =G(G

155 pan

It is worth noting that the above specified class of
chain graphs embraces, as special cases, all trees (among
which are the molecular graphs of alkanes) and all
unicyclic graphs (among which are the molecular graphs
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of monocycloalkanes). Also the molecular graphs of many
polymers and dendrimers are chain graphs.

Lemma 1. Suppose that G =G (G1,G2,...Gp V1,V 2,...Vp) 1S
a chain graph and Ng [u]=Ng U)u{u} . Then:

(1) G(G},G2,....Gp V1V 2,V ) is connected if and only if
G (1<i <n)are connected.

dg; (@ aeV (Gj)and a=vj
(i) dg @=1dg; @+1  a=vj, i=Ln
dg; (@)+2 a=vj, 2<i<n-1

(i) if u eV G) and vj ¢ Ng; [u] then &g () =dg; ).

Theorem 2. If n>2 and vy,..vp #up,..,ug , then for
G =G (G1,G2,....GnV1VD,..Vp) it holds:

n n-1
MYe)= x MmWei) + 43 o vi) +
i=l1 =2

n-1
23 i 0i) * _Zz(dei vi)+2)(dG Vi —D+dG ¥i 1) +
i=Ln i=

(d6, 1) +1)dg W2) + (dg, ¥n)+1)dG Wn-) -

Proof. By using the definition of the truncated M index
one can see that

MYe)= = dwisw
uey G)-U
= > dg (U)dg () +
uev G)-U

n
ue U Ng; [vi ]
i=l1
z dG (WG U)
uev G)-U

n
ue U Ng; [vi]
i=1

_ g Ml’(U UNGi [vi ])
i=1

d; v)(5g; ) +2)

Gj) +

n-1
z 2
i=2veNg; [vi ]V

+ Z )

dg; ¥)(3g; ¥)+1)
i=LnveNg; [vj ]V

+
n-1
_22(8@i Vi)+2)(36; Vi) +dG Vi) +dG Vi)
=

+ (dg, w1 +1) (36, vD) +dG ¥2)

+ (ds, vn)+1)(36, Wn)+dG vn-1)
n n-1

= sm e+ 43 06 vi) +
i=1 i=

2 ¥ 8C-:-i vi)

i=Ln

n-1
+ Zz(dGl (Vi)+2)(dG(Vi71)+dG (Vi+l)) +
i=

(dg; 0D +1)dg ©v2)

+ (de, Wn)+1)dG Wn-1) -

Corollary 3. The truncated M index of the chain graph
G =G(G1,.G2V1.v2) (v #Up,..,uk) is:

2
M{G)= ¥ M{Gi) + 2(36, 0D +36,v2)) +

i=1
2(dG1(v1)+1)(dG2(v2)+1) .

We use from this corollary in the next section.
Theorem 4. If n>2 and vy,..vp #up,..,uk , then for

G =G (G},G2,...Gp V1V 2,V ) it holds:

U UNg; Vi D

n
MyY)G)= 3 M,y Gi) +
1

1=

n

z Py

i=luv eE Gj)
ueNGi fvl]
uyeJ

3G (U)dg v)

n-1
+ T 86 Vi)dG (Vi) -
=1

Proof. By using the definition of the truncated M,' index
one can see that

MyVe)- 3w
uv ek G)
uyeJ
= z 8 Wdg (v) +
uvekE G)
uve Ng; [vi JWJ
i=l
z 3G (U)dg (v)
uv ek G)
n
ue U Ng; [vi]
uy'd
= SmyVNeilide; s
i=l
n
b > 3G (U)dg v)
i=luveE Gj)
ueNg; [vi]
uyeJ

n-1
+ T 8 M)
-

Corollary 5. The truncated M5' index of the chain graph
G =G(G,Gav V) WV #U],.uUk) is
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(NGi [vil)

2,
M7 G)= X Mj
i=l

Gj) +

2

2 2

i=luv eE (Gj)
ueNg; fvi ]

G U)dG (v)

+ (86,01 +dG, v2)+2)(36, ¥ 2)+dg, V) +2).

We use from this corollary in the next section too.
Example 6. Consider the graph G; shown in Fig. 2. It is

easy to see that

M{(G) =222 and M,'G}) =615,
my Nl myNeil2)g,,

:Mz'(NGl[V3]) (NG V]

Gp=M3 G)=543

and so, for 1<i,j<3,i=]j,

M 2r(NGI[Vi JoNG [V ] })(61) =471.

]

e w3
Fig. 2. The graph of nanostar G, for n=1.

Consider now the chain graph G, =G(Gp_1,H1.v1.U7) ,
shown in Fig. 2 (for n =1) and Figure 3, respectively. It is
easy to see that Hj =G; (1 <i<n-1) and

Gn =GGp-1.H1Vv1,UD
Gn-1=6@Gn-2,H2v2,u2)

Gn-i =GGn—i-1.Hj+1:Vi+1:Uj+1)

G2 =G@G,Hn_1¥n-1.Un-1) -
Then by using corollary 3, we have the following
relations:

M{Gpn)=M{Gp-1)+M{(Hy)+34
M{Gp-1)=M[Gp-_2)+M[(Hp)+34

M| Gn-i)=M{Gp-ji-D+M{(Hj4)+34

M{G2)=M[/GD+M[(Hp_D+34.
Summation of these relations yields

n-1
MiGpn)=M|GD+ X M (Hj)+34(n-1),

i=l1

it is easy to obtain
M{Gp)=nM[(G)+34(n —1) = 256n —34 .

On the other word by using corollary 5, we have the
following relations:

M2'Gp)=M 2'(NG”’1 [Vl])(Gn—l) +

M 2'(N Hi [ul])(H1)+289

Mz'(NGn_l [VI])(Gn—l)z MZ'(NGH—Z [VZ])(Gn_z) +

Mz'(N Ho [V1JUN HZ[UZ])(H2)+289

M 2'(NGn—i b ])(GH- )= Mz'(NG”—i Al +I])(Gn—i )+

Mz'(N Hi Vi JONHj [”i+1])(Hi+1)+289 :

Mz'(Nez[anz]) ’(NGI[Vn*I])

G2)=M;3

Mz'(N Hpot Vn-2]9NH, [unfl])(H

Gp +
n_1)+289.

Summation of these relations yields

'(N Hi [ul])

M2 Gp) = Mz'(NGl n-1])

NH; Vi ]ON Ry [ui ])

G+My (Hp)

n-1 (
+ X My
i=2

(Hj)+289(n-1),

it is easy to obtain
(N

Mo'(Gp)=2M 2( Gy [Vl])

(NG, [1]uNG, [v2])

=760n —145 .

Gp +

(N-2)M» G1)+289(n—1)

In other words we arrived at the following:

Theorem 7. Consider the chain  graph
Gn =GGp_1,H1.v1,U7) (n=2), shown in Fig. 3. Then,

M{ Gp)=256n—34
And
My’ (Gp) =760n —145 .

Corollary 8. Consider the nanostar dendrimer D,

shown in Fig. 4. Then,

M{'(D)=256n-34 and My (D)=760n-145,

where n is the number of repetition of the fragment G .
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Fig. 3. The chain graph G, and the labeling of its vertices.

Fig. 4. The graph of the nanostar dendrimer D.
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