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A new algorithm for computing Hosoya polynomial of

TUC,Cg(R/S) nanotorus

A. R. ASHRAFI, H. SHABANI

Institute of Nanoscience and Nanotechnology, University of Kashan, Kashan 87317-51167, I. R. Iran

The Hosoya polynomial of a molecular graph G is defined as H(G,q):Z

duwv where the sum is over all unordered
{u.v‘,;V(G)q ’

pairs {u,v} of distinct vertices in G. Xu and Zhang in some research papers computed this polynomial for polyhex and
TUC4Cg(S) nanotorus. In this paper, a new algorithm for these calculations is presented. We also compute the Hosoya

polynomial of TUC4Cg(R) nanotorus.
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1. Introduction

The boiling point of a compound is an important
property for the simulation of processes in chemical and
petroleum industries. So it is important to find theoretical
methods for the estimation of boiling point of compunds
that are not yet synthesized or whose boiling point is
unknown. One of the most important methods is finding a
parameter that correlates the physico-chemical or
biological properties of the compound under
consideration.

A topological index for a chemical compound is a
number related to the molecular graph of compound, G,
describing some of its physic-chemical properties. The
Wiener index [1] was the first topological index reported
in the chemical literature. It is defined as the sum of all
distances between vertices of the graph under
consideration. Here, the distance between two vertices x
and y of G, d(u,v), is defined as the length of a minimal
path connecting them.

After several years, Hosoya [2] pointed out that the
Wiener index can be computed from the topological
distance matrix of the graph representing the hydrogen-
depleted molecule. Hosoya [3] also introduced a graph
polynomial, which he named the Wiener polynomial of the
graph. In recent years, many chemists preferred the name
Hosoya polynomial [4] and so we use this name
throughout the paper. This polynomial is defined as

H(G,q) = Eg.i T:WE, where v; is the number of pairs of
vertices at distance i and 1 is the longest distance
(diameter) in the graph.

Diudea was the first scientist who considered graph
theoretical problems of nanotechnology. In some research
papers he and his co-workers [5-10] computed too many
distance based topological indices and counting
polynomials of nanotubes, nanotori and fullerenes. The
first author of the present paper (ARA) [11-20] continued
this program and computed the Wiener index and Hosoya
polynomial of TUC4Cg(R/S) nanotubes and TC4Cg(R/S)

nanotori. We also stimulated the papers by Xu [21-23] in
which the authors computed Hosoya polynomials of
C4C8(R/S) nanostructures. Our notation is standard and
mainly taken from the book of Trinajstic** and papers by
Diudea mentioned above.

2. Main results and discussion

In this section exact formulas for the Hosoya
polynomial of TC4Cg(R/S) nanotori are derived. Since
d/dq(H(G,q))|q:1:W(G), the Wiener index of these

nanotori are also computed.
2.2 Hosoya polynomial of TC,Cg(R) nanotorus

Consider the molecular graph of an TC,Cg(R)
nanotorus, Fig. 1, and its 2-dimensional lattice, Fig. 2. To
simplify our argument, this nanotorus is denoted by T =
TUC4Cg(R)[m,n], where m is the number of rows and n is
the number of columns, (Fig. 2).

Fig. 1. The 3D-representation of an TC4Cg(R) nanotorus.
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Fig. 2. The 2D-lattice of an TC4Cg(S) nanotorus.

Choose four base vertices a(i,j), b(i,j), c(i,j) and d(i,j)
from the molecular graph of T, Fig. 2. For computing
D(T), we must define 16 matrices. To define these
matrices, we first make the partition of the vertex set of T,
into four sets A, B, C and D. A is the set of all vertices
with the same position in the rhombs. The sets B, C and D

are defined similarly. Define D:(m) to be the matrix in

which (i,j)-entry is defined as the distance between the
vertex a(i,j) of A and the base vertex a(1,1). The other
matrices are defined similarly. They are as follows:

A B c D
D Da(l,l) > Da(l,l) > Da(l,l)

a(l,1)»
Dtﬁl,l)’ Dt?(u)a Dbc(u)’ Dbtzl,l)
DcA(l,l)’ Dcezu)a Dcc(u)a DcD(l,l) ’
DdA(l,l)a DdB(l,l)s DdC(l,l)’ Df(l,l)

We notice that by symmetry, it is enough to compute

eight of these matrices. Remark that four matrices D:;l 1o

B c D .
Db(l’l), DC(U) and Dd(l,l) are equal. Consider the

permutation p=(1 2 3 .. n-1 n} [tigeasy to see
Il n n-1. 3 2

and DB

o(1) are obtained from

. B
that the matrices Da(l,l)

Diu) and DCE(’U) . By symmetry of Fig. 2, it is possible

to compute the distance matrix evaluated at the base vertex
d from the same matrix for the vertex b. On the other hand,

the matrices Dl?(u), Ddc(l,l) and D(ﬁl’l) is computed

from DdB(u), Dbc(l’l) and Dkﬁl,l) by trace of .
We now count the repeated entries of these matrices
to find the following equation:

1 i il
H(T.q) = Zwm @
fml (ml

(M

where D:(l,l) = [d;]. Other polynomials are similar and so

the Hosoya polynomial of this nanotorus is computed as
follows:

H(T.q) =4HTq)+ 2HY(T.q)+ HX(T.q)

+ HA(T,q) + 2HP (T.q)

+ 2HE(T, q)+ 2HE(T.q) + 2HE(T,q. ®))

Some distance matrices: Suppose m is even. If m is
odd then substitute m/2+1 by (m+1)/2. We first assume
that 1<i1<m/2+1.

Table 1. DaA(l,l) =[a;]]
Fori=1 j=1 2<j<n/2+1 (n|2) And for 1<j<n/2+1 (n]2)
2<j<(n+1)2 (n} 2) I<i=m/2+1 1<j<@+1)2 (nt2)
0;=0 o= 0n+3 i<j oj=dgnyt1
i>] 0§=0gyt3

Other entries of this matrix is o = 0 j+2)-

C

Table2. Dy, ) =

[5;]

Fori=1 ji=1 j=2 3<j<n/2+1 (n|2) And for 1<j<n/2+1 (n|2)
3<j<m+l)2(np2) | ISism2+l 1<j<n+1)2 (n}2)
Bu=2| Bn= Bii=Bign+3 i<j Pij=Pn 1
3 i>] Bii=Pant3
Other entries of this matrix is B = Bimj2)-
D
Table 3. Da(l,l) = [77ij]
Fori=1 ji=1 2<j<n/2 (n|2) And for 1<j<n/2 (n|2)
2<j<(n+1)2 (n}2) I<i=m/2+1 1<j<@m+1)2 (nt2)
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ni=1

Nii="NiGn+3

i<j
i>j

Ny =N+ 1
Ni=MNanit+3

Other entries of this matrix is 1 =M im+n T1.

A
Table 4. Dy, ) =[7;

Fori=1

j=1 2<j<n/2 (n]2) And for
2<j<(n+1)2 (nf 2) I<i=m/2+1
=1 =G+ 3

1<j<n2 (]2
1<j<@+1)2 (nt2)

i+l <j
else

T =T+ 1
M =T+ 3

Other entries of this matrix is 7 ; = 1) 1.

c
Table5. Dy, =[0;]

Fori=1 j=1 2<j<n/2 (n|2) And for 1<j<n/2 (n|2)
2<j<m+1)2 (n}2) I<i=m/2+1 1<j<m+1)2 (nt2)
pi=1 PL=pign T3 isj pi=panitl
1>] Pi=panit3

Other entries of this matrix is pi; = pin-jr2) T1.

D
Table 6. Db(l,l) = [Tij]

Fori=1 j=1 j=n 2<j<n/2 (n|2) w/2<j<n-1 (n|2)
2<j<(n+1)2 (n} 2) (+1)2 <j<n-1 (n}2)
T =2 Tn=1 T=Tignt+3 T=Tigy T3
For 1<j<n/2 (n|2) n/2<j<n (n]|2)
I<i<m/2+1 1<j<@+1)2 (nf2) (n+1)2<j<n (n}2)
i<j+l Tii=Tgnt1 i>n-j Tii=Tant+1
i>] Ti=Tant+3 otherwise T; =T+ 3
Table 7. DJ}, ) =[5
Fori=2 j=1 2<j<n/2+1 (n|2) And for 1<j<n/2+1 (n|2)
2<j< ()2 (n} 2) 2<i=m/2+1 1<j<(m+1)2 (nt2)
Sy =1 82 =075+ 3 i<jtl 8y=0¢p+1
else 0;i=041*3

Ifi=1thend,; =2forj=1&5,;=08,-1for 1<j<n.
Other entries of this matrix is 8 j = 8 imj+1) Where n/2+1<j <n (n|2) or (n+1)/2<j <n (n}2)

Table 8. DC%,I) =[7ij]
Fori=1 j=1 2<j<n/2 (n|2) And for 1<j<n/2 (n|2)
2<j<(m+1)2 (n} 2) I<i=m/2+1 1<j<(m+1)2 (nt2)
=1 Y1ii=Yignt3 i<jtl  yi=yanytl
i2jtl yi=yenit3

Other entries of this matrix is v = ¥ imi+2 +1-

If m/2 + 1< i < m then we define o =

Omeiv2)j> Pij =

5(m.i+2)j, Ni = Y m-i+2)j Tij = Pm-i+2)j> P ij = M(m-i+2)j> Tij = T (m-
2> 0 i = P2y and ¥ i = Nmeir2). Applying the same
calculations as above completes our algorithm for
computing Hosoya polynomial of TC4Cg(R) nanotorus.

2.3 Hosoya polynomial of TUC,Cg(S)

Consider the molecular graph of an TC,Cg(S)
nanotorus, Fig. 3, and its 2-dimensional lattice, Fig. 4. To
simplify our argument, this nanotorus is denoted by S =

TUC4Cg(S)[m,n], where m is the number of rows and n is
the number of columns. Choose eight base vertices x,(1,1),
Xke{ aj, b]’ Ci, d]a a, bZa Co, dZ}a Flg 4.
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Table1. D

Batis) S
Lotii) )

We partition V(S) into eight parts as P = {A}, A,, By,
Bz, C], Cz, D], Dz} where XjEP and Xj = {Xk(i,t) | 1< i <
m, 1 <t<n, k=j}. To compute D(S), we must calculate

X
: J
matrices ka(l’l) .

which its entries are the distances from a;(1,1) to all of
vertexes A;. The first row of D(S) is the all entries of eight
matrices of vertex a;(1,1), and other rows are obtained
similarly. We notice that making use of symmetry in S, we
don't need to investigate the vertices with subscript 2. This
fact has been shown in Fig. 4. Hence the calculation of
two hundred fifty six matrices presented above, decreases
to thirty two matrices.

Notice that finding the matrices of other rows and
columns are the same and is omitted. Now we enumerate
the entries of distance matrix D(S).

A . ..
For example Dal(l,l) is a matrix in

1 '
fo;l,l)(srq): Enmzqd"
i

3)
So the Hosoya polynomial of T s
H(S,0)=2x 3 H ., (S.0)
XX

Some distance matrices: Suppose m is even and 1 <
i <m?2 + 1 (If mis odd then substitute m/2+1 by
(m+1)/2).

an = [d;]

2<j<n/2+1 ()
2<j<(n+1)2 (n}2)

d11:O

dj=dyg+4

1<i<m/2+1

1<j<n/2+1 (n2)
1 <j<(n+1)/2 (n}2)

dij = dgipy + 2
dj=dgi+4

1<
i>]

dij = dinj+2) where [n/2+1<j <n & (n|2)] or [(n+1)/2<j <n & (n}2)]

e It is clear that four matrices Dfll(l 1 DE‘(I D

D A
Ddl‘(l’l) and Dall(l’l) are the same.

e By adding one to all entries of D:'(l,l) , we

. C
obtain Dbll(l,l) .

e  The second, third, ..., m" rows of Di‘(l ) are the

same as the first, ..., (m-1)" rows of D:‘(l ) » Tespectively.

Moreover, the first and the second row are equal, except
the first entry of first row which is equal to 3.

Table 2. The function Df}l(lyl) = [Sij];

=] i=11j=2 2<j<n/2+1 (nR2) <i< i=1 2<) <02+ (nR2)
! 2<j<@r2+l (f2) | W2 2<j<(+1)/2+1 (nf2)
si= | sp= s1j= s T4 sit=sgn T4 FL<j s =5 T2
! 3 1>j  sij=sat4
Then sjj = sim.j:3y where [n/2+1<j <n & (n|2)] or [(n+1)/2<j <n & (nf2)]
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e By adding one to all entries of D,ABI‘(l 1> We

obtain DZ‘(U) )

e The first and second row of Dz'(l ) are equal;
also the rows from 2 to m are equal to the rows from 1 to

(m—1) of D:l(l,l) , Tespectively.

e The first row of Dgll(l,l) and the first row of

" rows of this

DaBl‘(l’l) are the same; the second until m"
matrix, obtained by adding the number two to all entries of
the rows from one to (m—1) of Dfll(l,l) .

e If for columns 1<j < n/2+1 (n is even) or 1<j <
(n+1)/2 (n is odd), we add entries of Dfll(l,l) by 2; and
define vij = Vinji2), Where n/2+1 < j < n (n is even) or

(n+1)2<j<n (nis odd). Then D}, ;) =[v;].

e The rows from two to m of D?]l(l ;) are equal to

the rows from one to (m—1) of D,le‘(l ) > and the first entry

of the first row is one and remaining entries are equal to
the second row.
e For columns 1< j < n/2 (n is even) or 1< j <

(n+1)/2 (n is odd), we add one to the entries of DaDll(l’l)
and for columns n/2 <j <n (nis even) or (n+1)/2 <j<n
(n is odd) we add -1 to the entries of DaDl‘(u) to

. D
obtain Dalz(u) .

e The first and second rows of D?lz(m) = [Wij] are

equal, except the last entry of the first row which is equal
to 2; and the rows from two to m are calculated from the
equation Wij = S@-1)(n-j+1)-

A
Table 3. Dalz(u) = [rij]

i=1 i=1 | j=n 2<j<n2mpR) n2<j<n (R2)
2<j< m+1)2 (n42) (+1)2 <j<n (nf2)
;=1 r,=3 r=rngnt4 1 =gyt 4
<i< 1<j<n2 _ (P) n/2+1 <j <n (n2)
m/2+1 1 <j<(m+1)/2 (n}2) (n+1)2+1 <j<n (n}2)
1 SJ rij = r(i»l)j +2 1 < l’l-j+2 rij = r(i-l)j +2
i>j]  m=rent4 else i = T T4

e  The matrix Dzz(lyl) is equals to D:z(lyl) .

e In matrix Diz(l ;) the first entry is 4, and other

entries of the first row are equal to entries in the second
row. We also add one to entries in the first row until

(m—1)" row of D:z(l ) to obtain the rows from two to m

of this matrix, respectively.

. B .
*  The entries of Dy, ;) =[u;] are obtained from
A .
Dalz(l,l) by the equation u;; = ri 1)

e The matrix Dcclz(1 ;) is obtained from above
equation.

e If we add one by all entries of DE}Z(U) then we

. C,
acquire Dbl(l,l) .

B —
Tabled. D, ) =[e;].

i=1 | j=1 2<jsn2 (nf2) 1<i<m/2+1 1<j<n2  (a2)
2<j<(nt1)2 (nf2) 1<j<(+1)2 (n}2)

en=2 el = ey + 4 <) ej=epyt2

i>j  ej=eqyt4

€jj = €imj+1) Where [n/2 <j <n & (n2)] or [(n+1)/2<j <n & (nf2)]

are computed by adding 2 to the first until (m—1)" row of
D}

a (L1 -

e  The matrix Dzz(l,l) is equal to foa,l) :

e Two matrices sz(l ;) and DE {11y are achieved
1 1t . A,

) B, e The first and second rows of matrices D, L

by adding 1 to each entry of Da]“(l,l) . . 11,

A c and D 4.1y are the same and the rows from two to m are

o  The first and second rows of Dy 7, ;) and Dy, e

equal to the rows from one to (m—1) of D&

are equal and the second until last row of these matrices a(L1)
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e The matrix D]C)l'(1 b :[Zij] obtained from the

matrix Dzz(l,l) by the relations below;

if 1<) <1n/2 (nis even) or 1< j < (nt1)/2 (n is odd)
then z; = e; — 1; and if, n/2 <j<n (n is even) or (n+1)/2 <j
<n(nis odd) then z; = e; + 1.

e By adding 1 to all entry of DCD]‘(U) = [dij] we
receive to the matrix DbDll(Ll) = [dij] )
e The first and second rows of D:I(I,l) are equal;

and the second until m™ row are equal to the first until

(m—1)" row of DbDl (1.1 Tespectively.

- _ r b M a ]
(Ala])l [ (Bla')I (Clial)l (Dl )1
a | s a : ’ a ’ D& /
D = (A Dz D2, = (B2 D?(ll): (Cld)mml DF?(LUZ ( ld)m’M
a(L1) (Dzdz)m/2 a(L1) (Czdz)mﬂ e (Bzz)m/z (Azz)m/z
L (D), | L €, L (B), | L (A", |
. - €y, | O
(AM), (B™), ( f)‘ .
: H s (Ca,; > (Da‘)
A (Azal)m’2+l DB? _ (B;‘)m au ;2‘2(1’1) — 2d m/2+1 D;?il,l) — Zd m/2+1
a, (L) (Dldl)m/z a (1) = (C]dz)m,z (Bl z)m,z (Al 2)m/2
(D), L €™, L (B™), | L (A™), |

In a similar way we acquire other matrices.
The other cases are calculated in a similar way as
above and as in Section 2.1.

3. Conclusions

In this paper algorithms for computing Hosoya
polynomials of TUC,Cg(R/S) are presented. We prepared
some MATLAB programs for these algorithms. The
running time of our MATLAB codes show that our
algorithms are efficient.
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